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a 


Introduction  and  Assumptions 

Let  (ft,F,P)  be  a  complete  probability  space  with  a  right  continuous  filtra¬ 


tion  (F  )  and  let  ($, 


p  ^  0)  be  a  countably  Hilbert  nuclear  space  with 


its  strong  topological  dual. 

Consider  the  stochastic  differential  equation 


d £  =  A'C  dt  +  P'C  dt  +  dW 

t  t  t  t  t  t 


Y 


where:  (Assumptions) 

Al) .  -  y  is  a  ^'-valued  F^-measurable  random  variable  such  that  for  some  r^ >  0 


Eimr  <■ 

0 


-  W  =  (wt)t>Q  is  a  ^'-valued  Wiener  process  with  covariance  Q.  This 
implies  that  there  exists  q  >  0  such  that 
W.  e  C(1R  ;$')  a.s. 

+  q 

For  each  t  >0,  At  :$-*■$  is  a  continuous  linear  operator  that  satisfies 
the  following  properties: 

a.).  -  The  map  t  -►  A^cJ)  is  continuous  on  P  for  each  4>  e 

b) .  -  (A  )  is  the  generator  of  a  two  parameter  semigroup  (evolution 

operator)  (T(s,t)  :  Oi  s  i  t  <”}  i.e. 


T(s,t)  =  T(s,t')T(t\t)  0<s<t'<t 


T(t , t)  =  I, 


iV 

<3. 


n;,- 


-t-' T  (s ,  t )  tj>  =  T(s,t)A  p  peP,  s<t  (Forward  equation), 
at  t 


— ’ T(s,t)(J)  =  -A  T(s,t)|  P  e  P,  s^t  (Backward  equation). _ 

ds  3  .\!es 


and  T(s,t)  satisfies  the  following  conditions: 

£) .  -  For  s<  t  T(s,t)  :  4> $  is  a  continuous  linear  operator. 

d )  .  -  lim  T(s,t)4>  =  T(s,tn)<J>  in  the  ^-topology  for  each  s  fixed  and 

tfto 

0^  s<  tg,  4>e$. 

e)  .  -  lim  T(s ,  t)<j)  =  T(s  ,  t)<f>  in  the  <l>-topology  for  each  t  fixed  and 

sts  U 

stSq 

0  <  sQ  <  t,  4>  e 

f_) .  -  For  each  T  >  0  and  n  2  0 

sup  ||  T(s,  t ) 4>  ||  <  00  for  all  4>  e 

0<s<t<T  n 


The  next  assumption  concerns  the  perturbation  operator  P  . 

A4) .  -  For  each  t>0  $  is  a  continuous  linear  operator  on  $  and 

there  exists  a  family  of  seminorms  {  |||  •  |||  :  m  >  0)  on  $  defining  an 

. IQ 

equivalent  topology  on  $  to  that  given  by  the  Hilbertian  norms 
(ll'H^:  n  >  0}  such  that  the  following  three  conditions  hold: 

a)  .  -  For  each  T>0  there  exists  m^  >  0  such  that  for  each  m  >  m^  and 

s<T,  P  has  a  continuous  linear  extension  from  i  to  <5>i  i 

s  lm  i  hi 

(denoted  also  by  Pg),  where  $|m|  is  the  |||  •  ||| ^completion  of 
$  and 

b)  .  -  for  each  <b  e  $  the  map  s -►  P  d)  from  [0,T]  to  i  is  $1  , 

—  s  |m|  ] m | 

continuous  for  ra  >  m,,,  , 

T 

c ) .  -  sup  III  P  T  (s ,  t)<f>  III  <  K(m,T)||h|||  for  all  <f>  e  $  for  m>m 

0<s<t<T 

and  some  constant  K(m,T)  >  0. 

Remark  1.  Condition  A4(c)  above  can  be  obtained  from  A4(b)  if  we  assume 

that  for  each  T  >  0  and  m  >  0 

sup  HI T(s , t)4> HI  ^  D(m,T)  Uhlll  for  all  4>  e  4> 

0^s<t<T 

for  some  constant  D(m,T)  >  0. 


Remark  2.  Some  authors,  as  Kato  (1976)  and  Tanabe  (1975),  consider  two  para¬ 
meter  semigroups  T(s,t)  on  Banach  or  Hilbert  spaces  assuming  that  T(s,t)  is 
continuous  on  all  the  domain  {(s,t)  :  0^s<t<T}.  This  is  a  stronger  condi¬ 
tion  than  A3(d)-(f). 

In  order  to  solve  the  SDE  (I)  we  first  consider  the  solution  of  the  un¬ 
perturbed  SDE 

dnt  -  Atntdt  +  dWt 


for  which  it  is  possible  to  write  a  solution  explicitly.  This  is  done  in 
Section  1  and  is  an  extension  of  the  work  by  Kallianpur  and  Wolpert  (1984) 
and  Christensen  and  Kallianpur  (1985)  who  considered  the  case  when  A^  =  A 
t  >  0  is  the  generator  of  a  strongly  continuous  semigroup  T  .  In  Section  2 
we  solve  the  SDE 

5t  -  |T(a,t)'p;?sds  +  nt 

and  show  that  the  solution  of  the  above  SDE  is  also  a  solution  of  (I).  In 
Section  3  we  extend  the  previous  results  to  stochastic  evolution  equations 
with  a  nuclear  space  valued  martingale  as  a  driving  term.  Section  4  contains 
special  cases  and  examples  recently  considered  by  Christensen  and  Kallianpur 
(1985),  Hitsuda  and  Mitoma  (1985)  and  Mitoma  (1985).  It  is  important  to  ob¬ 
serve  that  the  last  two  examples  of  Section  4  are  instances  where  the  two 
parameter  evolution  semigroup  T(s,t),  its  generator  At  and  the  perturbator 
can  ail  be  defined  directly  on  a  countably  Hilbertian  nuclear  space  $  so  as 
to  satisfy  the  above  assumptions  A1-A4.  However,  it  is  worth  noting  that,  in 
many  cases,  these  operators  may  be  more  naturally  defined  on  a  Hilbert  or 
Banach  space,  as  e.g.,  in  the  Example  4.1  or  the  works  by  Dawson  and  Gorostiza 
(1985),  Kato  (1976)  and  Tanabe  (1975).  In  such  cases  the  problem  of  finding 


a  $  for  which  the  assumptions  concerning  and  P  are  valid,  has  to  be  solved 
first  before  our  results  can  be  applied. 


1.  Solution  of  the  Unperturbed  SDE 


In  this  section  we  solve  the  SDE 

r  d £  =  A’£  dt  +  dW 

t  tst  t 

(II)  ( 

L  =  Y 

where  for  each  t^O  A^  :  is  defined  by  the  relation  (A^F)  [  0  ]  =  F[A<J)]  for 

all  F  £  4>'  ,  cf>  £  $. 

Definition  1.  We  say  that  the  SDE(II)  has  a  ^'-valued  solution  £  =  (£  )  _  if 

t  t^O 

the  following  four  conditions  hold: 

a)  .  -  (C^)  is  F^-adapted  and  4>'-valued. 

b) .  -  £  e  C(1R+;  $')  a.  s . 

C ).  -  £  [<p]  =  y[<p]  +  /V  [ A  d) ] d s  +  W  |>]  for  all  <p  e  <t>  a.s.  t  >  0. 
c  u  s  s  t 

d) .  -  For  each  T  >  0 

E(  sup  )£  I<J>J]2)<0°  for  all  (f>  e  $. 

0<t<T  1 

Proposition  1.  If  £  =  (£t)t>g  i-s  a  solution  of  the  SDE(II)  then  for  each  T>0 
there  exists  n^,  >  0  and  a  version  of  £  (also  denoted  by  £)  such  that 

£?e  C([0,T];*'  )  a.s. 

and 

t 

£  [4>  1  =  y[4>]  +  /£  [A  4> ] ds  +  W  [ cp ]  for  all  <t>  e  $,  0  <  t  <  T  a.s. 
t  o  S  s 

Proof  :  Given  T>0  define 

G^(<t>)  :=  E (  sup  l£  [<J>]  |  2)  <  °°. 

0<t<T  C 

Then  by  condition  (d)  in  Definition  1  G^(<{))  <  00  for  all  4>  e  4>  and  clearly  G^, 
satisfies  the  conditions  G^c^  +  <J>2)  <  GT(4>1)  -*-GT(4>2)  for  $  and 

GT  (acp)  =  I  a  {  Gt  (d>)  a  e  ]R,  $  e  <J>.  Next  since  supQ<t<T  |  £  [<}>]  j  is  a  lower 


semicontinuous  function  of  <J),  by  Fatou  s  Lemma  G^((}>)  is  also  a  lower  semi- 
continuous  function  of  <{>.  Then  by  a  Baire  category  argument  there  exist 
0^,  >  0  and  r^  >  0  such  that 

E (  sup  |£  [<»]  I2)  ^  eT!|4>||2  for  e  <*>- 

0<t<T  T 

Let  p  >r  such  that  the  injection  map  $  $  is  Hilbert-Schmidt  and  let 

T  T  PT  rT 

be  a  CONS  for  $  with  dual  basis  {$.}.  ,  a  CONS  for  .  Then 
11^  PT  J  PT 


Def ine 


E  (  l  sup  |£  [<}>,]  I2)  S8t  [  II*,  II 2 
j=l  0<t<T  J  j=l  J  1 


=  (a)  :  l  sup  J  £  (to)  [  $  .  ]  |  <  00 } 

j=l  0<t<T  C  J 


then  P(ft^)  =  1.  Next  define 


-  I  l  £..(w)  [$.]$.  uiefl 

C >)  \  j=l  c  J  J  1 


Hence,  £  e  $'  a.  s.  and  £  (to)  [<t>]  =  £  (to)  [(}>]  for  all  e  $  0  <  t  ^  T  and  to  e  ft 

t  PT  t  t  T 

Moreover  by  the  dominated  convergence  theorem  if  t.t^  e  [0,T] 


lim  ||  £  (oj) -  £  (to) 
t+t0  0 


|2  =  lim  l  (£  (to)  [4> .  ]  -  £  (<o)[*.])‘ 

“PT  t-tn  j=l  C  J  P0  J 


=  l  lim  (£  (to)  [<t> .  ]  -  £  [<J>.])  =  0 

j=l  t+tQ  J  0  J 


Thus  £.  e  C([0,T] )  a.s.  and  therefore 


P(to  :  N  (to)  :  sup  ||£  ||  2_  <  °°)  =  1. 


0<t<T 


From  now  on  we  will  write  £  instead  of  . 

Next  for  u)  e  and  0  <  t  <  T,  for  <j>  e  $  define 


Y  (w)  [<j>  ]  =  Js  (oj)  [A <f>]ds. 

t  0  s 

T 

We  shall  show  that  Y.(w)  eC([0,T];$  )  for  some  m  >  0.  Suppressing  oj  in  the 

mT  T 

writing  we  have  that 

t 

I Y  [4>1  |  S  N  /  ||  A  <j>  ||  ds 

t  i  Q  s  pT 

Then  using  the  continuity  of  the  map  s  Ag(j>  for  all  <}>  £  $,  by  a  Baire  category 
argument  there  exist  0^,  >  0  and  m^  >  p^  such  that 

sup  | Y  [<j>]  |  2  <  (N  )20’ ||4>||^  for  all  4>  e 

0<t<T  T 

Then  Y  (<u)  e  $'  for  all  0<t<T  to  e  Q_.  Next  let  £  >  m  be  such  that  the 
t  ra  T  T  T 

T 

injection  map  is  Hilbert-Schmidt  and  let  {e.}  c  $  be  a  CONS  for 

£t  mT  J  3-l 

<$„  with  dual  basis  {e.}_.  a  CONS  for  .  Then 

lT  j  £t 


OO  00 

l  SUP  ! Yt  Ce  ]  I  2  <  (N  0')2  l  II  e  ||  2  < 

j=l  0<t<T  J  j=l  J  T 


Next  from  the  inequality  |Y  [<f>]  |  ^N  J^||A  $||  ds  we  have  that  Y  [ 4> ]  is  a 

L  i  U  S  p,j,  t 

continuous  function  of  t  on  0  ^  t  i  T  for  each  4>  e  Then  by  the  dominated 


convergence  theorem 


lim  1 1 Y t  -  Y 
^0 


||2  =  lim  l  (Y  [e  ]  -Y  [e  ])2  =  0  t,t 

C0  ~CT  t-tn  j  =  l  C  J  C0  J 


[  0,  T] 


i.e.  Y  (u>)  e  C([0,T];4i  )  u  e  . 

T 

Then  we  have  shown  that  J^A'C  ds  €  C(  [0,T]  ; <K  )  a.s.  for  some  £ >  0.  Hence 

0  s  s  i 

taking  nT = max(rQ,q,pT,£T)  we  have  that 


Q.E 


Z  =  y  +  / A'Eds  +  W  e  C([0,T];<t>*  )  a.s. 

C  0  s  C  S 

Hence  by  conditions  (b)  and  (c)  in  Definition  1  =  0  <  t  <  T)  =  1  and 

the  proof  of  the  proposition  is  complete. 


Remark  3.  The  following  sufficient  condition  implies  condition  (d)  in  Defini 
tion  1:  For  each  T>  0 


E  /  (5  [A  <£] )  ds<°°  for  all  <p  e  <3>. 
0  s  s 


Theorem  1.  Under  assumptions  A1-A3  the  SDE(II)  has  a  unique  3>'-valued  solu¬ 
tion  E,  =  (c,  )  given  by 

t 

(1.1)  E  =  T'(0,t)y  +  /T'(s,t)A’W  ds  +  W  t>0 

t  1  s  s  t 


(1.2)  [4>]  =  Y[T(0,t)4>]  +  Jw  [A  T(s,t)<J>]ds  +  W  [<J>]  for  all  <j>  e  <J>. 

0  C 

Furthermore,  for  each  T>0  there  exists  £^>Q  such  that 


and 


£?  e  C ( [0, T] )  a.s. 

T 

E(  sup  IK  II 1  o  )  <  00 

0<t<T  T 


9 


For  the  proof  of  Theorem  1  we  will  need  the  following  two  lemmas. 

Lemma  1 .  For  each  t^O  let  $  +  $  be  a  continuous  linear  operator  and  sup¬ 

pose  that  the  map  t  -*■  B  4>  is  continuous  in  the  4>-topology.  Let 
{T(s,t)  :  0  ^  s  ^  t  <  °°}  be  a  two  parameter  semigroup  on  4>. 

a) .  -  Under  assumption  A3(c)-(e)  the  map  s  -*■  BgT (s,  t)4>  is  continuous  in  the 

^-topology  for  0^  sS  t  <00,  4>  e  Furthermore  for  p  >  0  and  t  >  0 

sup  ||  B  T  ( s ,  t )  4>  1 1  <  00  for  all  cj>  e  4>. 

0<s<t  3  P 

_b) .  -  If  in  addition  we  assume  A3(f)  then  for  each  p>0  and  T>0  there  exist 

r  =  r(B,T,p)  >  0  and  D  =  D(B,T,p)  >0  such  that 

sup  ||  B  T(s,t)<f>||  <  D 1 1  <+>  1 1  for  all  <p  e  4>. 

0<s<t<T  s  p  r 

Proof :  a) .  -  Since  for  each  tsO  B^  :  <j>  -»■  4>  is  continuous  then  for  each  p>0 

the  function  g  (40  =  II  B  4  II  is  a  continuous  function  on  $  and  hence  a  lower 
t  t  p 

semicontinuous  function.  Thus  if  t>0 

G  (4>)  =  sup  ||  B  tp  ||  4  e  4 

0<s<t  S  P 

is  also  a  lower  semicontinuous  function.  Moreover  since  the  mapping  s  -+■  B  4 

s 

is  continuous  then  G^(4)  <  00  for  all  <j>  e  4  and  clearly  Gt(4^  +  -  G^O^)  +  (i^)  » 

Gt^a^l^  =  lalGt^2^  ^°r  G  e  4^ »'i>2  €  Then  by  a  Baire  category  argument 

G  (40  is  a  continuous  function  of  4  and  there  exist  9  >0  and  r  >0  such  that 
t  t  t 

G(4)  ^9  ||4>||  for  all  4>  e  $ . 

rt 

Hence  for  each  s  <  t  and  4  e  $ 

II  Bs<J)  Up  -  9tll4>llr  fc>r  all  4>  e  4> 

and  therefore  for  any  s^  <  t  and  <  t 

||Bg(T(Sl,t)4>  -  T(s2,t)4)j|p  <  9t||T(s1,t)4)  -  T(s2,  t)4>  ||  r  for  all 


10 


Then  if  s  t  0  <  s  <  s^  <  t 


|BsT(s,t)0-Bs^T(so,t)<J>||p  <  ||Bs(TCs,  t)0  -  T(sQ,  t)4>)  ||p  +  ||  BgT  (sQ ,  c  )  cf>  -  Bg  T(s0,t)$| 

<  0t||T<s.t)<I>  -  T(s0.t)«*)||r  +  ||BsT(s0,t)4>-Bs  T(s0,t)<f|| 


which  goes  to  zero  as  s  t  s^,  the  first  term  by  assumption  (A3)(e)  and  the  second 

one  since  s  -*■  B^ip  is  a  continuous  mapping. 

Hence  the  mapping  s  BgT(s,  t)$  is  continuous  in  the  ^-topology  on 

0  <  s  <  t  <  00  and  $  e  $  and  therefore  for  n  s  0  and  t  ^  0 

sup  ||  B  T(s ,  t)4>  ||  <°° 

0<s<t  s 

which  proves  (a) . 

b) .  -  From  (a)  we  show  that 


Gt(4>)  =  sup  ||B  $||  <9 

0<t<T  P 


for  all  $  e  $ 


i.  e. 


J|B  d>|J  *0  ||*||  for  all  $  e  $  0<t<T. 

P  1 


Then  for  0  <  s  ^  t  <  T 

||B  T(s,t)$||  <  6  || T(s,  t)4> ||  for  all  $  e  $. 

P  rx 

Next  defining  VT<$)  =  suPo<s<t<T!|T(s*t:)$  llr  hY  A3(f)  VT($)  <  Then  since 

VT(<J>)  is  lower  semicontinuous ,  VT<$1  +  $2>  <  +  VT($2>  and  VT(a$1>  = 

|a|VT($i>  ae  1R ,  e  by  a  Baire  category  argument  there  exists 

9^,  >  0  and  r^,  >  0  such  that 

V  ($)  <  91  ||<J>  ||  ,  for  all  $e$ 

T 


11 


Lemma  2 .  Assume  A3(a)-(f)  and  let  B  be  a  continuous  linear  operator  from  4> 


to  $.  Then  for  each  F  e  and  0^u<t 


a) .  -  F[BT(u,t)4>]  =  F  [B<J>  ]  +  /F[BT(u, s)A  *]ds  for  all  <J>  e  4> 

u 


b).  -  F  [BT(u,  t )  4>]  =  F[B<j>]  +  fF[BA  T(s,t)4>]ds  for  all  $  e  <f> . 

s 

u 


Proof:  From  A3 (b) -(d)  we  have 


-f-Ku.sH  -  Urn  I(".s«)<»-T(u,3)» 
ds 


.  llm  T(u,3)l(s,s«)^-T(u,s)t  .  T{UjS)A 
etO  E 


-j^T(u,s)<j>  =  T(u,s)Ag<{>  4>e$  0  S  u  <  s  <  °°. 


Let  r  >  0  be  such  that  ||F||  <  «>.  Then  since  B  :  $  -►  $  is  continuous  there 

F  ~rF 


exist  9  =  0  >  0  and  r  =  r  >  0  such  that 
B  B 


pt|>||  *  9JML  for  ali  V  e 

rF  B  rB 


Hence  using  the  above  inequality,  Lemma  1(b)  and  A3  we  have  that  for  T>  0  and 


0  <  u  <  s  <  T 


|BT(u,s)A  4>||  *  6  ||T(u,s)A  (|>||  s  6  D  ||  4>  ||  for  all  *  e  <D 

s  °  s  rB  B  r 


for  some  r  >  0.  Then 


sup  |F[BT(u,s)A  *]  |  <  ||F||_  sup  ||BT(u,s)A  *  ||  <  °°  for  all  *  e  $ 

0^uSs<T  s  "rF  0<u<sST  S  rF 


and  F[BT(u,s)As<ti]  is  integrable  on  u  <  s  ^  T,  T  >  0. 


Hence  using  the  Forward  equation,  since  F  and  B  are  continuous  on  <J> 


t  t 

/F[BT(u,s)Ag<)>]ds  =  /F[B^T(u,s)<f>]ds 
u  u 


/-r— F[BT(u,s)*]ds  =  F[BT(u,t)*]  -  F[BT(u,u)d>] 
as 
u 


i.e. 


.'Vi' 


& 

•»'V 

V,'>’ 


*Xi»l 

I 

»'iyt 


F[BT(u,t)<j>]  =  F[B4>]  +  /F[BT(u,s)A  0]ds 

u 


which  proves  (a) . 

b) .  -  As  in  (a)  we  obtain  the  Backward  equation 


^T(s,t)<}>  =  -AaT(s,t)<J> 

Taking  B  =  BA  in  Lemma  1(a)  we  have  that 
s  s 

sup  ||  BAST (s ,  t)4>  |1  <  «> 

0<s<t  F 

and  hence  as  in  (a)  |  F[BAgT  (s ,  t )  ]  |  is  integrable  on  0Su<s^t.  Then  using 

the  Backward  equation  and  the  fact  that  B  and  F  are  continuous  we  obtain  that 
t  t  t 

/F[BA  T(s,t)<Mds  =  -/f[B^T(s ,  t)<j>]ds  =  -/^F[BT(s, t)<j>]ds  =  -F[B<j>]  +  F[BT(u,t)<J>] 

U  U  u° 


F[BT(u,t)<{>]  =  F[Bc()]  +  /F[BA  T(s,t)4>]ds. 

s 

u 


Q.E.D. 


Proof  of  Theorem  1.  Let 


Q.  =  (w  e  (2  :  W.  (oj)  e  C(3R,  ;$')}n{u>:  1 1 y (oo)  ||  <  °°} 

1  +  q  mu 

H  0 

then  by  A1  and  A2  P(fi^)  =  1. 

Let  w e  (we  will  suppress  uj  when  there  is  no  conflict)  and  let  T >  0. 
Step  1.  We  shall  prove  that  for  each  0  <  t  ^  T  and  tu  e  ft  the  map 

t 

4>  Y  (ou)  [ <J) ]  =  / W  (u>)[A  T(s,t)4>]ds 
t  0  s  s 

is  a  continuous  linear  map,  i.e.  Yt(w)  e 

If  we  show  that  the  integral  is  finite  then  clearly  the  map  is  linear. 


Def ine 


K.(<J>)  =  J||AgT(s,tH||qds  <J>e  9. 


i 


.vwvytv 

* 

o  v-  v- .  i  .  \  >  ■  o  •  4XV.1 

s 

WWW 

1*1 
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Using  (1.4)  in  (1.2)  we  have  that  for  <J>  e  $ 

t  t 

C^[4>]  =  Y [<t> ]  +  /y[T(0,s)A  4> ] ds  +  W  [tj>]  +  / W  [A  T(u,t)4>]ds 
t  J  s  C  0  u  u 

and  using  (1.5)  in  the  last  term  of  the  above  expression  and  applying  Fub ini's 


Theorem  we  obtain  that  for  all  <j>  e  $ 
t 

£  [<{>]  =  y[<J>]  +  /y[T(0,s)A  ] ds  +  W  [<f>]  +  /{ W  [A  4> ]  +  fw  [A  T(u,s)A  4>]ds}du 
t  i  s  t  i  u  u  '  u  u  s 


0 


t 

H 

0 

t 


t  t  t  s 

=  y[ A  4>]  +  W  [<J>]  +  /y[T(0,  s)AJ>]ds  +■  / W  [A  4>]ds  +  /  (/ W  [A  T(u,s)A  (})]du)ds 
U  t  0  s  oss  oouu  S 


hv: 


t  s 

=  y[<t>]  +  W  [<}>]  +  f {y{T(0, s)A  4)]  +  W  [A  $]  +  /  W  [A  T(u,s)A  4>]du}ds 

t  Q  S  SS  qUU  s 


=  y [4> ]  +  w  [<(>]  +  /c  t a  ] ds 

C  r\  S  S 


i.e. 


& 


€.  [<l>]  =  y[4>]  +  w  [<{)]+/£  [A  4>]ds  0<t<T  a.s. 

t  t  Q  s  s 


and  therefore  (1.2)  satisfies  (1.3). 

Observe  that  (t  ,uj)  -*■  (w)  is  8(4>' ) /B(]R+)  ®  F-measurable  and  for  each 

W  Y 

t  >  0  is  F^’  -measurable  where 

FW’^  =  cr{  y  [<}>  ]  ,W  [$]  :  0  £  s  <  t,  <J>  e 
t  s 

Step  3.  For  a. a.  u)  P  t  -*■  £  (u))  [<}>]  is  continuous.  Let  From  (1.2) 

it  is  enough  to  show  that 

t 

Y.[<J>]  =  fw  [A  T(s,t)<f>]ds 
0  S  S 

is  continuous  on  t  for  each  4>  e  $.  Let  T  >  0  and  0  ^  t^  <  t  ^  T  ,  then 

t  co 

(1.6)  Y  [<fr]  -  Y  [<M  =  / W  [A  T(u,t)cj>]du  -  /  W  [A  T(u,t  )*]du 

L  ^  U  U  U  11  U 


'0 


0 


0 


0  t 

=  /  {W  [A  T(u,t)<H  -  Wu[AuT(u,t0)4>]}ds  +  /  Wu[AuT(u,t)4»]du. 

0  C0 


Using  Lemma  2(a)  with  F * W  ,  B =  A  we  obtain 

u  u 


W  [A  T(u,t)0]  -  w  [A6]  +  Jw  [A  T(u,s)A  Mb 


and  again  applying  Lemma  2(a)  to  F =  W^,  B =  and  t =  t^ 


Wu[AuT(u,t0)(D]  =  Wu[Au<J)]  +  l  Wu[AuT(u,s)Ag<j>]ds 

u 

and  therefore 

t 

(W  [A  T (u ,  t ) <f> ]  -  W  [A  T(u,t  )4>]}  =  /  W  [A  T(u,s)A  <J)] ds. 

U  VI  VI  VI  U  VI  ^  s 

t0 

Using  the  last  expression  in  (1.6)  we  have 

C0  t  t 

Yt [4>]  -  Y  [4>]  =  /  /Wu[AuT(u,s)Ag<|)]dsdu  +  /  W^AJTtu,  t)0]du 
0  0  t0  t0 

From  Lemma  1(b)  for  some  r^ = r^ (A,T,q)  > 0  and  (A,T, q)  >  0 

sup  ||  A  T(u,s)A  0||  S  D || 4>  ||  for  all  <J>  e  $. 

0<u<s<T  U  S  q  r 


Hence 


|y  [<t>]-Y  t4>]|s/  /  |w  [T(u,s)A  J>]  |dsdu  +  /  |W  [A  T(u,t)4>]  |du 

v  v  _  .  vi  S  VI  u 


s  SUP  llwsll  -  t0>D|l<J>||  +  (t  -  t  >D||0||r> 

OSs^T  s  q  u  u  r  u 


i.e.  for  0  5  tQ  <  t  5  T 


|Ytm  ~  Yt  [<})]  |  <  sup  ||Wg||  TD||4»|lr(t-t0) 


0<s<t 


and  similarly  if  0  ^  t  S  t^  <  T 


I Y  [4>1  -  Y  [4)]  |  <  sup  ||W  ||  TD || 4> ||  ( t  -  t) 
C  C0  0<s5T  s  "q  r  u 


i.e.  for  u)f  and  0  e  0 


& 


;-w 


m 

*w 

w 

m 

-v* 


| 


|Y  (co)[(M  -  Y  (u))[<J)]|  <  sup  ||  W  (ui)  ||  TD||(D||  Jt-t-l  t,t  e  [0,T]. 

0  0<s<T  s  q  r  u  u 

Hence  Y  (uj)[<J>]  is  continuous  in  t  for  all  <J)  e  $  0<t<T  on  a  set  of  proba¬ 

bility  one.  Moreover  from  the  above  expression  we  obtain 


(1.7) 


sup  |y  (oj)  [4>]  I  <  sup  || W  (oj)  ||_  T2D II II  for  all  <J>  e  $. 
0<t<T  1  0<s<T  s  q  r 


Also  from  the  last  expression  and  (1.2)  we  have  that  condition  (d)  in  Defini¬ 
tion  1  is  satisfied. 

T 

Step  4.  We  shall  prove  that  £.  e  C([0,T]  ;<!>(  )  a.s. 

S 

Let  u)£^.  Then  from  (1.2)  we  have  that  for  t^.t  e  [0,T] 

Kt(w)[4>]  -£  (ui)[4>]  |  s  | Y (oo)  [ AqT ( 0 , t ) <}) ]  -  Y(u>)  [A0T(0, t)4>]| 

+  |Y  (u>)  [<p]  -  Y  (oj)  [4>3  |  +  |  W  (co)  (4>]  -W  (oo)  [0]  |  . 

0  C  C0 

Hence  from  Al,  A2,  Lemma  1(b)  and  (1.7),  for  m  >  max(r  ,r,r  ,q) 

1  U  A 

K  (w)  [$]-£;  (w)[<f>]|  ^  {2  sup  ||  W  (oj)  ||  +  ||y(u))||  }k  II 4)  II 

c0  0<t<T  c  q  *b  T 

for  some  constant  which  does  not  depend  on  oj  nor  t  and  t^. 

Also  from  (1.7),  (1.2)  and  the  assumptions  on  W  and  iq 

E(  sup  (C  C4>])2)  ^  C2 1| ^ ||  2  for  all  (p  e  <P 
0<t<T  1  mT 

for  some  constant  C  >  0. 

T 

Let  t  >  m_  be  such  that  the  injection  map  is  Hilbert-Schmidt 

T  T  J  lT  ntj, 

and  let  { <J> . }  .  > .  <=  $  be  a  CONS  for  3>„  with  dual  basis  a  CONS  for  <&»  . 

J  J  -  J  J  —  i 


E  (  l  SUD  (f  [(()  ]) 2)  <  C2  l  II  <J>  ||2  <  ». 

j=l  0<t<T  J  j=l  J  T 

ft-  =  {oj  :  l  (£  (oj)[<t>J) n  ft 
j-1  3 


wmvmm 
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~  °o 

and  define  £^(00)  =  _^£t  (co)  [4>j  ]$..  for  coefJ,  zero  otherwise.  Then 


(  sup  ||C  ||^  )  *  l  1 1 A  ||*  < 

0<t<T  *  *T  1  j-1  J  mT 


and  if  co  e  and  to,te  [0*^] 


iim  ||e  (w)  “  E  (oj) 
t^0  co 


\2f  =  iim  l  <e  <u)[d>  ]  -  E  (o>)  [<J).  ])2 
T  t-t0j=l  J  C0  J 

oo 

=  l  iim  (E  (co)t<J>.]  -  E  (ui)t<t>.])2  =  0. 
j-1  t-tn  3  C0  3 


Then  E.  (co)  e  C( [0,T]  ,$»  )  co  e  (2  .  Moreover 


€t(u)t<D]  = 


I  C .  Cuj) [4>]  =  l  E(co)  [$.]<<}>,<)>.>;> 
J-1  c  33  j-1  c  3  3  1 


=  l  Z  Aw)  [<*,*.>,  4>.  ]  ==  E.  (w)  [4>]  for  all  <J)  e  $,  0  <  t  <  T  co  e  fi2- 
j-1  J  T  3  C 

From  now  on  we  write  E  instead  of  £  . 

Hence  we  have  shown  that  for  each  T>  0  there  exists  Z„  such  that 

T 

eTeC([0,T];$j,  )  a.s.  i.e.  £T  e  C( [0,T] ;$’ )  a.s.  Then  if  =  {uj  :  e  C([0,T]  ,'&*)} 

T 

P(Q_)  =  1  and  taking  T  t 00  and  J2  =  n  Q  we  have  that  for  co  e  Q  E(co)  e  C(]R  ;  $’) , 
r  n  n=i  n  + 

i.e.  condition  (6)  in  Definition  1  is  satisfied. 

Step  5.  Uniqueness.  Suppose  that  there  exists  a  ^'-valued  process  E-iE^) 
that  is  also  a  solution  of  (II).  Then  by  Proposition  1  for  each  T>0  there 
exists  a  set  of  probability  one  such  that  if  co  e 

ET.  (uj)  e  C([0,T]  )  some  PT  > 


(1.8) 


E  (w)[4>]  -  Y (u)[<l>]  +  [1  (u)[A  4>]ds  +  W(co)[4>]  for  all  4>  e  $  0<t<T. 

t  0  3  3  t 


*  <.  r,  *'  r,  -  „•  -  ,  4  ^  ^  "  s’  •  “  •*  ■  *  o  O  *.  - . ' 


Fix  we  n  ^3 •  Then,  suppressing  u»  in  the  following,  if  in  (1.8)  we  replac 

4>  by  A  T(s ,  t  )<{>  we  have 
s 

s  _ 

W  [A  T(s,t)4»]  =  s  [A  T(s,t)4>]  -  y[A  T(s, t)4>]  -  /C  [A  A  T(s,  tH]du. 
ss  ss  s  q  u  us 

Hence,  substituting  for  Wg  [AgT(s ,  t)(})]  in  the  expression  on  the  RHS  of  (1.2) 
and  using  Fubini's  theorem  we  have 

t  _  t 

(1.9)  £  [*]  =  y[T(0,  t)4>]  +  /  C  [A  T(s,  t)(j)]ds  -  Jy[A  T(s,t)<|)]ds 

t  i  s  s  is 


-  J  /  £  [A  A  T(s,t)(j>]dsdu  +  W  [<j>] . 
i  u  u  s  t 

0  u 

Applying  Lemma  2(b)  to  F  =  y  and  B  =  I  we  have 


(1.10) 


/y[A  T(s,t)4>]ds  =  y[T(0,t)d»]  -  y [<J> ] . 

o  s 


Again  applying  Lemma  2(b)  to  B  =  A  and  F=£  we  obtain 

u  u 


J  ^[AyAgKs,  t ) cj> ] ds  =  Cu[AuT(u,t)<0]  -  €  [A  $]• 

u 

Finally  using  (1.10)  and  the  above  expression  in  (1.9)  we  have 


£t [<J>]  =  y[T(0,t)<J>]  +  /  c  [AsT(s,t)4»]ds  -  y[T(0,t)<j>3  +  yt<*>] 


t  _  t 

-  /  K  [A  T(u,t)$]du  +  J  c  [A  t]du  +  W  [<j>] 
0  u  u  0  U  c 


=  Yl4>]  +  /  £  [A  <t>]du  +  W  [<j>]  =  £  [$] 
0 


Thus  for  each  T  >  0 


C  t  (oo)  [4>  ]  =  £t(u>)  [cf>]  for  all  e  $  0^t<T  w  e  n  3. 


Then  we  have  shown  that  for  each  T  >  0  there  exists  a  set  of  probability 


one ,  such  that  for  u>  e  £  (w)  =  £  (uj)  0  ^  t  ^  T.  Let  T  t  00  and  def  ine 

T  t  t  n 

—  CO 

=  n  ft  ,  then 
n=l  n 

P (£  =  £  t  >0)  =  1 

t  t 


which  gives  uniqueness  of  the  solution. 


Q.E.D 


We  now  show  the  semimartingale  and  Gaussian  property  of  the  solution  of 
the  SDE(II) . 

A  O'-valued  stochastic  process  (X^)t>Q  is  said  to  be  a  ^'-valued  semi- 
martinglae  if  for  each  <f>  e  $  [4> ]  is  a  real  valued  semimartingale  i.e. 

X  [0]  = 

tl  0  t  t 

where  is  a  real  valued  local  martingale  =  0,  a  real  valued  right 

(t) 

continuous  adapted  process  whose  paths  are  of  finite  variation,  and  is 

an  F^-measurable  random  variable. 

Proposition  2.  Under  the  hypotheses  of  Theorem  1,  the  solution  £  =  (?t)t>Q 
of  the  SDE(II)  is  a  <5>'-valued  semimartingale  with  canonical  decomposition 

t 

£t  =  Wt  +  (T(0,  t)  'y  +  /Ks.O’A^ds}. 

Proof .  From  Theorem  1  we  have  that  the  solution  of  (II)  is  the  -valued 
continuous  stochastic  process  £  =  (£^)  such  that 

t 

(1.11)  £  [<{>]  =  y[T(0,t)<t>]  +  Jw  [A  T(s,t)(|i]ds  +  W  [4>]  for  all  <J>  e 

t  o  S  3  t 

In  step  3  of  the  proof  of  Theorem  1  it  was  shown  that  the  -valued  process 


Y  [0]  =  /W  [A  T(s,t)4>Jds 

t  0 


is  continuous.  Moreover  it  was  also  shown  there,  that  if  0<tQ<t<T  then 


(1.12)  |Y  [<M  -  Y  [$]  |  <  sup  ||W  ||  TD||4>1|  (t-t  ). 

c  c0  0<s<T  q  r  u 

Hence  from  (1.12)  we  have  that  for  all  T>0  Y  (w)[<{>]  is  a  process  of  finite 
variation  for  iu  in  a  set  of  probability  one. 

Next  define 

g(t)  [4>]  =  YtT(0,t)(J>] . 

Then  using  Kolmogorov's  Forward  equation 

^g(t)[4>]  =  ~ ’ Y[T(0,t)<|>]  =  Yl^T(0tt)4»]  =  Y[T(0,t)At4>]. 

Next  defining  G^,(4>)  =  supQ<t<fj,  ||  T(0,  t )  ||  ^  from  Lemma  1.2(b)  and  assumptions 

A1  and  A3(a),  (cj5 )  <  00  for  all  4>  e  $.  Then  using  a  Baire  category  argument 

Gt(4>)  ^  ||  II  r  for  all  4>  e  <J>. 

Hence,  the  function  [ T ( 0 , t ) A^ 1  is  bounded  in  (0,T)  which  implies  that  g(t) 
is  a  function  of  bounded  variation  on  [0,T].  Also  clearly  g(t)  is  a  continuous 
function  of  t. 

Next  define 

t 

V  [$]  =  Y [ T(0 ,  t ) 4> ]  +  /W  [A  T(s,t)$]ds. 
t  0  s 

Then  V ^  [  +> ]  is  a  ^'-valued  continuous  process  such  that  for  all  e  <3>  V^_ [ ] 

has  paths  of  bounded  variation.  Moreover  since  y[T(0,t)$]  and  Y  ^_  [  4>  ]  are  F^- 
adapted  then  is  a  predictable  process.  Hence  we  have  the  (unique)  canonical 
decomposition 

(1.13)  £^(<$1  =  W  [0]  +  V  ^  [  0  ]  for  all  c  <P  t^O  Q.E.D. 

Proposition  3.  Assume  the  hypotheses  of  Theorem  1  and  suppose  that  y  is  a 
<t>’ -valued  Gaussian  random  variable  independent  of  the  -valued  Wiener  pro¬ 
cess  W =  (W  )  .  with  covariance  Q.  Then  £  is  a  ^'-valued  continuous  Gaus- 

t  t>0  s  t 


sian  process  with  covariance 
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(1.14)  £($,’40  =  Q°(T(0,  t)$,T(0,  t)4>)  +  //min(s  ,s  )Q(A  T(s.,t)4i,A  T(s  ,t)’j/)ds  ds 

00  12^1  ^2  12 

+  Q(<J>,Y)  ip, ip  e  <t>  t  >  0 

where  Q°  is  the  covariance  of  y. 

Proof :  Since  /o^s[AsT(s,t)<t>]ds  and  W  [<J>]  are  independent  and 

Y  [ d> ]  =  f^W  [A  T(s,t)4>]ds  is  Gaussian  with  covariance 
t  *  0  s  s 

tt 

E(Y  [<f>]Y  t'r'] )  =  //(m in(s  ,s  ))Q(A  T(s  ,t)+>,A  T(s,,t)ij))ds  ds 
t  c  0Q  1  2  sx  1  s2  2  12 

then  the  result  follows  since  y  is  independent  of  Y  and  W^. 


0 


Solution  of  the  SDE  with  Perturbation 


In  this  section  we  solve  the  SDE  (I). 

Definition  2.  We  say  that  the  SDE  (I)  has  a  ^'-valued  solution  £=(£  )  ^  if 

the  following  four  conditions  hold 

a.  (C t )  is  F^-adapted  and  <£' -valued, 
b  •  ^  t  C  ( 1R^  5  $  )  a .  s  • 

c.  £  [<J>]  =  Y[<p]  +  /5C  [A  4) ] ds  +  /^£  [P  <J)]ds  +  W  [4>]  for  all  4>  £  $  a.  s.  t  >  0. 

L  US  s  us  s  c 

d .  For  each  T  >  0 

2 

E (  sup  |£  [ 4 ]  I  )  <  00  for  all  cj>  e  $  . 

0<t<T  C 

The  following  result  is  proved  in  the  same  way  as  Proposition  1. 


Proposition  2.  If  £ =  (Cfc)  >q  is  a  solution  of  the  SDE  (II)  then  for  each 
T  >  0  there  exists  n^  >  0  and  a  version  of  £  (also  denoted  by  £)  such  that 


£?  e  C([0, T] )  a.s. 

nm 

T 

and 


t  t 

£„  [4>]  =  Y[<t>]  +  /£  [A  4>]ds  +  /£  [P  <j>]ds  +  W  [ 4> ]  f°r  all  $£$,  0  £  t  <  T  a.s 

t  Q  s  s  o  s  s  t 

Remark.  Condition  (d)  in  Definition  2  is  implied  by  the  following  one: 

For  each  T  >  0 

T  T 

EJ(£  [A  <j>])2ds  +  E/(£  [P  <J>])2ds  < 

0  S  s  0  S  3 


In  order  to  solve  the  SDE  (I)  we  first  solve  the  following  stochastic 
equation: 

t 

(III)  £  =  /  T'(s,t)P'£  ds  +  n  t>0 

t  o  s  3 


i .  e . 


£  [<}>]  =  /£  [P  T(s,t)4>]ds  +  n  [$]  for  all  4>  e  $ 
c  0 


4 


where  nt  is  as  in  the  following  theorem.  Then  taking  n  as  the  solution 
given  by  Theorem  1  we  obtain  the  solution  of  (I). 

Theorem  2.  Assume  that  A3(b)-(c)  and  A4  hold  and  let  n  =  (r't)(.VQ  be  a  $>'- 
valued  continuous  stochastic  process  such  that  for  each  T>0  there  exists 


qT  >  0  and 


e(  sup  ||n  ||  )  < 

0<t<T  qT 


Then  there  exists  a  unique  <!>'-valued  solution  E,  =  (Ct)t>Q  °f  (III)  on 
C(JR+;$')  with  the  following  property:  for  each  T  >  0  there  exists  p^,>0 


such  that 


C([0,T];*’  )  a.  s .  ,  E(  sup  ||£  ||2  <  ®) 

PT  0<t<T  FT 


^  [ (^ ]  =  /C  [P  T(s,t)<J>]ds  +  n  [<t>]  for  all  <}>  e  $  0  <  t  <  T  a.s. 

t  o  3  s  c 


Proof.  (By  successive  approximations). 

Let  T>0  fixed  and 

=  {oj  :  sup  ||  n  (w)  ||  <  00  } 


"  t  1  -a 
0<t<T  "t 


Then  P(Q4>  =  1. 


Let  we  Q,  and  define  for  0  ^  t  5  T  the  sequence  of  successive  approxima- 


t ions : 


C“(«u)  =  nt(w) 


=  /T(s,  t)  'P'C°(w)ds  +  ri  (w) 

t  Q  S  S  t 


;"(u))  =  /T(s,t)’p’cn  i(u))ds  +  n  (u) 

t  o  5  3  c 


that  is  (suppressing  uj  in  the  writing)  for  $  e  0  <  t  £  T  and  n  >  1 


Cl. t4> ]  =  /n  [p  T(s,tH]ds  +  n  [4> ] 
c  o 


0<f]  =  1C  Xtp  T(s,t)4)3ds  +  n „[<*>] . 

t  0  3  s  t 


Step  1.  We  shall  prove  that  the  above  expressions  are  well  defined  elements  of 


for  all  n  >  1  and  t  >  0.  Let 


(2.1)  C  =  C  (uj)  =  sup  ||  (to)  ||  _  =  sup  ||  n  (u))  || _ 

”4rp  0<t<T  ^ 


0<t<T 


Using  assumption  A4,  given  q^,  >  0  there  exist  positive  constants 
Cl  =  Cl(T>qT)>  C2  =  C2(T,qT),  mT  =  mT(qT)  and  q^  >  qT  such  that 


(2.2)  IM!  <  c  infill  <  c  |{0  II  ,  for  all  $  e  <J> 

^  Mrp 


Also  by  assumptions  A4(a)-(c)  we  have 

(2.3)  sup  |(( r  T(s,t)4>|||  SK  |||4)|]|  for  all  c}>  e  <J. 

0<s<t<T  S  “t  1  T 

Let  ui£^  and  define  (suppressing  to  in  the  writing) 


rtHi  =nc[<f>] 


and  for  n  2  2 


2  t  t 

i  (4>)  =  /?  [p  t (s , t) 4>] ds n.  [4>]  =  /n  [p  T(s,t)<j>]ds  +  n  [<t>] 

t  o  3  3  c  0  s  s  c 


ZJ<t>)  =  Jr  ( P  T(s.,t)<J>)ds  +  n  [<t>] 

t  o  S1  S1  1  C 


t  s  t 

=  /  J  n,  [Pc  T(s  s  )P  T(s  ,t)4>]ds  ds  +  Ju  [P  T(s ,,t)4>]ds  +n|*] 

n  n  i-  ±  S  .  L  £.  L  ~  S .  S.  X  i.  L 


0  0  2  2 


0  1  ~1 


.vv- . ••  -v- .‘.\v v -. .aw 


COD)  =  jC  (Pc  T(s  ,t)<D)ds  +  n  [<D] 
c  0  s  si  1  L 


(2.4) 


■vyr ,tpa  ,,(vi-v2)-t.,,(,i-t)«ivi-"in 

00  0  n-1  n-1  1 

t  s  s 

+  /  n  [p  T(s  _,s  )...P  T(s  ,  t)<D]ds  9  •  •  •  ds 

i.  i  i,  s  «  s  9  n-2  n-3  s,  1  n -2  1 

00  0  n-2  n-2  1 


+. . .+  n  [<Dl  • 

Observe  that  the  above  integrals  are  well  defined  since  using  (2.2)  and 
(2.3)  we  have 

rc-r2  %  ,tps  ,(VrV2)"'fj  Il*i,t)W ldVi”'lsi 

00  0  n-1  n-1  1 

s  °t1  li---r2|iViT(vrv2>---v<vt,*|'c---dsp 

t  s  s 

(2.5)  ^  C  C  /  /i.../n'2J|!P  T(s  ,,s  )...ps  T(s  ,t)(t»|||  ds  ...ds 

1  l0  0  0  n-1  n  n  ^  slx  T 


t  s  s 

r  rl  r n-3 i 


S  cTC1KT/  /  •••/"'  lllps  T<V2'8„-3,"-Ps  T<slltHllL  ds„-2---ds 
i  i  iQ  o  o  n-2  n  n  ^  slx  T  n  ^ 


Then  each  integral  in  (2.4)  is  well  defined  and  furthermore  from  the  second 
inequality  in  (2.2),  for  all  n^l  and  0^t<T  we  have 


(2.6) 


n  (K  T) 

IC^(to)  (4»)  |  <  CMC  A  l  )C  114)11, 

t  T  1  k=0  qT 


,  for  all  4>  e  <D 


Then  for  each  n  2  1  and  0  ^  t  5  T  C0»)  e  $  ? » 

t  qT 


(2.7) 


n  (K  T)  K  T 

H«t(w)H-q:  CT(w)ClC2  I  ■ -Ti-  "  CTClC2e 


1  vVV.WTi.1 


•  wmywv.'.v.'. 


Step  2.  The  sequence  (£ )  converges. 
From  (2.4)  we  have  that  if  ra  <  n 


t  s  s 

r  r 1  rn-2 


04>]  =//  •••/  H  [P  T(s  ,s  ,)...P  T (s  , t )<£ ] ds  ...ds 

t  t  '  '  '  s  ,  s  ,  n-1  n-2  s,  1  n  J 


0  0  0  n-1  n-1 


t  s  s 

r  rl  rm-1 


+...+  /  /  .../  n  [P  T(s  ,s  ,)...P  T(s,,t)4)]ds  ...ds, 

i,  ‘  i  s  s  m  m-1  s,  1  m  1 

0  0  0  m  ra  1 


and  proceeding  as  in  (2.5) 


(2.8)  -  e“[<Dil  *  i 


n  (K  T) 
t  T 


,  for  all  <{>  e  $. 


k=m+l 


Then  for  each  4>  e  0  and  oj  e  i  converges  to  zero  uniformly 

on  [0,T]  as  n>m->-00.  Hence  {£^(w)[4>]}  is  a  Cauchy  sequence  of  real  numbers 

t  n-1 


and  from  (2.6)  for  0^t<T 


KT 

lim£,^(u))  [<t>]  |  <  C^uOC^e  T  ||4>i|q,  for  all  <p  e  0. 


Hence  for  0<t<T  and  uj  e  £t(w)  defined  by 


?t(w)[4)]  =  lim  £  (w)[$]  for  all  4>  e 

n-*j° 


is  such  that 


sup  |E  (w)  [<M  |  <  C  (ui)C  C.e 
0<t<T 


,  for  all  <j)  e  $ 


and  therefore  £^(01)  is  a  linear  functional  on  i.e.  £t(u>)  e  .  Moreover 

from  the  last  expression  we  have  that  £  satisfies  (d)  in  Definition  2. 

Next  let  £_  >  q '  be  such  that  the  injection  map  $  ,  is  Hilbert- 

T  T  £T  qT 

Schmidt  and  let  (4>.}.  ,  e  $  be  a  CONS  for  with  dual  basis  CONS  in 

j  J^l  3  j -1 


Then 
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2K  T  00 

o  o  09 


sup  l  I C  (o>)  [4>  -  ]  |  s  C  (uj)C.C  e  j  ||$. 

0<t<T  j=l  J  j=l  J 


<  00 


and  we  can  define 


t  (u>)  =  I  E  (u>)  [$.]$.. 
j=l  J  J 

Hence  E,.  (w)  e  0^t<T  m  €  El  and  moreover  E,  (to)  [$]  =  E  (w)  [$]  for  aii  $  e  $: 

t  X~rr  J  t  t 


(u))[$]  =  l  E  (to)  [<$>]$  [$]  =  l  E  (w)  [$.]<$,<)>.>„ 

j=i  J  j  j=l  J  J  i 


=  l  E,.(w)  [<4>  ,4> .  >  0  4> .  ]  =  limE  (w)[  l  <$,$.>»  $.] 
j=i  C  3  J  c  j  =  i  3  S  3 

=  Et(uj)[$]. 


Step  3.  Et  satisfies  (c)  in  Definition  2,  i.e. 

t 

P(w  :  E  (w)[4>]  =  jE_(u>)  [P  T(s,t)$]ds  +  n(w)[$] 

t  0 

Let  to  £  $  e  $  and  0  <  t  ^  T.  Then 


for  all  $)  =  1  0  <  t  <  T. 


t  _ 

E.(u>)[<}>]  =  /e"  (w) [p  t(s, t)$]ds  + 

t  0  s  s  t 

Next,  by  assumptions  (A4)  (a)-(b)  and  Remark  1,  given  £^>0  there  exist  positive 
constants  d^.d^^'  and  such  that 


(2.9)  II<J>||£t  ^  d1|||$|ijm,  <  d2||$||^  for  all  $  e  $  . 

Then 


sup  | [ P  T(s,  t)$  || p  <  d 
OSS5t<T  S  T 


sup  III  p  T(s,t)4»  III  . 

0<s<t<T 


< 


mf 


^  -Vi 


.11A 


■,  v 


and  using  (2.7)  since  >  q^, 


K"  1  tPsT(s’  t)4>l  I  -  K  iII-£THPsT(s.t)^UT 


K  T 
T 


<  CTC  C  e  dxD |[j <t>  III m,  <“  for  all  n>l,  0  <  s  <  t  <  T 


Then  using  dominated  convergence  theorem 

t 


£.  [$]  =  lim£^[<j>]  =  lim  /^n  [P  T(s,t)<t>]ds  +  n  [<j>] 
C  n^o  C  n~°  0  3  3  C 


=  /c  [P  T(s,t)4>]ds  +  n  1 4>  ]  for  all  <t>e<5>,  0$  t<T. 
0  s  s  t 


„T 


Step  4.  £  C([0,T];$'  )  some  p_  >  0.  Let  t„,te  fO.Tl  T>0.  Assume 

- —  pT  T  0 


tg  <  t ,  then 


t  t 

(2.10)  $.[*]-$.  [4>]  = /c  [P  T(s,t)cj>]ds  - /u  £  [P  T(s,t  )<j>]ds  +  n  t4>]  "  H  [<J>] . 

t  t0  o  s  s  0  5  s  0  t  tQ 


But 


S  £  1[P11T(U,t)<D]dM  -  J°  £  [P  T(p,t  )]dp 

ri  M  M  n  MM  u 


0  M  "  0 

tn  t 

=  /U(C,,[P,  T(u,t)4>]  -  [PMT(y ,  t0)4>]  )dy  /  £n[p  T(u,t)<|>]du. 


V  y 


V  M 


Next  using  Lemma  2(a)  with  F  =  £  »  B  =  P  ,  we  obtain 

y  y 


c,  ,[p  T(ji,t)<M  =  C  [p  <t>]  +  R ,[p  T(y,s)Aj>]ds 
y  u  y  y  p  v  V  s 


and  again  applying  Lemma  2(a)  to  F=^»  B  =  P^,  c  =  cq 


C  [P  T(y,tn)<fl  =  £.[P ,,4>]  +  J°  £  ,[P  T(y,s)AJ>]ds 
y  y  O  yy  , ,  y  y  s 


£  [P  T(y,t)4>]  -  E[P  T(y,t  )]  =  /  E  [P  T(p,s)A  J]ds. 

MU  UU  U  UM  ® 


and  therefore 


(2.11) 


/  £  [P  T(u,t)<D]du  -  /°£IP  T(u,t  )d>]du 

r\  M  M  x-.  M  M  U 


U  M 


t 


=  J°  /  £  [P  T(U,s)A  4>]dsdU  +  /£  [P  T(U,t)4>]du. 


0  t. 


u  u 


M  U 


By  assumption  A4(c)  for  m^  >  n^,  some  >  0  and  T  >  0 


sup  HI  P  T(s,t)cf>|||  ^  K  (m  ,T)  |||4)|||  for  all  4>  e  <t> 

0<s<t<T  m!  1  1  ml 


and  using  assumption  A3 (a)  and  a  Baire  category  argument,  for  some  m'  >m^ 
and  K(m' ,T)  >  0  we  have 


sup  |||P  T(s,t)A J\\\  s  K(m',T)  |||4>|||  ,  for  all  $  e  <D. 
0<s<t<T  3  3  m  m 


Moreover  suPo<s<t  ll  II  <  °°  since  from  (2.7) 


sup  ||S"||_£  ^  sup  ||C"||  ,  <  CTCXC 


TK_ 


T 

e  <  °°. 


0<t<T 


"T  0<tST 


Hence,  using  the  last  three  expressions  and  (2.9)  in  (2.11) 


L  c 

|  /£  [P  T(h,t)4)]dy  -  J°  £  [P  T(y,t  )<J>]dp 


U  V 


P  M 


(2  •  12)  <  f°f  ||£  ||  »  ||  P  T(y,s)A  <f>|L  dyds  +  /  ||£  ||  ||P  T(u ,  t)<|)  ||  dy 

0  t„  U  ~CT  M  s  S  y  lT  M 


0 


S  ctdt  i  I  4>  1 1  £ ,  ( t  -  t0)  0<t0<t<T 


TK 


where  DT  =  d2CiC2Te  •  Then  f°r  all  t»tQe  [O.T] 


l/£u[pMT(u,t)$]du  -  f°  £u[PuT(p,t0)4>Jdui  <  |t-t0|cTDT||4.||^. 

Then  from  the  last  expression  [tj>]  = /q£^  [P^T(y ,  t)4>]dlJ  is  a  continuous 


process  in  te  [0,T]  for  each  $£<*>.  Then  from  (2.10)  we  obtain  that  C t [ v ]  is 
also  a  continuous  process  in  t  £  [0,T]  for  each  <j>  e  4>.  Moreover 


(2.13) 


sup  |E  [<J>]|  S  (C  D  +  C  )  || <t>  l|  o ,  - 
0<t<T  C  til  t-T 


Next  let  p  >  i '  be  such  that  the  injection  map  $  is  Hilbert-Schmidt 

II  PT  S 

and  let  (e.}_,  be  a  CONS  for  <5  with  dual  basis  (e  }.  ,  a  CONS  for  $ '  . 

J  PT  J  J-l  PT 

Then  from  (2.13)  we  have 


(2.14) 


sup  y  \^he  |2  <  (C  D  +C  )Zy  ||e  ||t,< 
<t<T  j  =  l  3  11  1  j  =  l  3  T 


0<t<T 


Hence,  define  £  (to)  =  I .  [e.]e.  which  is  an  element  in  $>'  and 

t  J-l  t  J  J  PT 

Ct  (ui)  [$]  =  £t  (uj)  [<f>]  for  all  <£  £  <J>  Os  t<T  u  e  Then  by  dominated  convergence 

theorem,  since  Ct(ui)[e^]  is  continuous  in  t  for  each  j  2  1  we  have  that 


lim  ||L  -Ct  II  =  lim  l  (Ue  ]  -£  [e  1)‘ 
t-tQ  C0  ~PT  t-tQ  j=l  3  C0  3 


=  l  lim  (Ue.]-E  [e.])2  =  0  t.  £  [0,T]  . 

j-1  t-*-t.  C  3  t0  3  U 


Then  £.  (u>)  e  C([0,T]  )  for  some  p  >  0  u)efl0,  P(ft.) = 1.  Moreover  from 

PT  T  3  3 

(2.13),  (2.1)  and  the  assumption  on  nt  we  have 

E(  sup  |£  [<f]  |2)  <  00  . 

0<t<T 

2 

Furthermore  from  (2.14)  and  since  by  assumption  on  ri^  E(C^)  <  00  we  have  that 


E  (  sup  ||C  ||  _  )  *  E(CJ>  +C  )2  l  ||4>||2  < 

f\<-  *-  Ft  1  *■  *  ■  _  I  ^rr 


0<t<T 


A  similar  argument  to  that  at  the  end  of  Step  4  in  Theorem  1  gives  that 


3 


Step  3  Uniqueness 


To  show  uniqueness  let  X  be  any  solution  of  (5.3).  For  the  present 


assume  that  X£  satisfies  the  following  condition: 


(*)  For  each  T  >  0  there  exists  p  '  >  0  such  that  X.  e  C(  [0,1]  ;<*>', )  a.  s. 

T  PT 


WLOG  let  p^,  >  PT  and 


ft  =  {oj  :  sup  || X  ||  , 

0<t<T  "t 


Then  P  (ft^)  =  1.  Fixuieft^nft^  and  let  O^t^T.  Then  for  each  4>  e  $  (suppressing 


uj  in  the  writing) 


X  =  /X  [P  T(s,t)<j>)ds  + 

t  0 


Next  if  is  the  sequence  of  successive  approximations  defined  in  (2.4)  we 


have  that  for  0  <  t  <  T  and  e  <I> 


1  c 

(2.15)  X  [0]  -  0<f>J  =  /X  [P  T(s,t)<J>]ds 
t  t  o 


2  t  t 

X.  [<|>]  =  ZA4>]  =  /X  [P  T(s,t)*]ds  -  /r[PT(s,t)*]ds 

L  L  _SS  S  S 


t  s  s 

r  rl  rn-1 


,.[  +  ]-  •/  /  -../  {X  [P  T(s  ,s  )...P  T(s  ,t) 

c  C  000  sn  Sn  n  n-i  S1  1 


-  d  [P  T(s  ,  s  ,)...Pc  T(s  ,t)<D]}ds  ...ds 
s  s  n  n  x  s ,  x  n  x 


-IK**.  [ps  i<sn+i’s„>-"ps t(s  ,t)*]ds  .. 

0  0  0  Sn+1  n+1  1 


Then  using  the  inequalities  similar  to  (2.2)  and  (2.3)  it  follows  that 


t  s 


t[oi-s>]  s  /•••/nllxs  .  ILp Jlp8 


0  0  n+1  A  n+1 


W\«r 


<  sup  ||X  II  C|c;  — - 1|4>||  ,  <  »  for  all  $ 

0<t<T  hT  T 

for  some  positive  constants  Cj.C^,  SC^  and 

Hence 

sup  |  X  [ 4>  ]  -  |  -*■  0  as  n  -*■  «>. 

0<t<T  C 

Thus  P(X  =  £  0 <  t ^ T)  =1  and  a  similar  argument  to  that  at  the  end  of  Step  5 

in  Theorem  1  gives  P(X  =£  t 2 0)  = 1.  The  proof  of  the  theorem  is  complete. 

Q.E.D 


Using  Theorems  1  and  2  we  now  solve  the  SDE(I)  i.e. 
d£t  =  (Aj  +  Pj)€tdt  +  dWt 


C0  =  Y 


Theorem  3.  Under  assumptions  A1-A4  the  SDE  (I)  has  a  unique  solution 
£  =  (Ct)t>0  such  that  for  each  T>0  there  exists  PT  >  0  and 


C.  e  C ( [ 0 , T ] ;  $ '  )  a.s. 
PT 


E (  sup  ||C  ||  )  < 

0<t<T  ^T 


Proof.  Let  n  be  the  solution  of  the  SDE 

dn  =  A'n  dt  +  dW 
t  t  t  t 

n0  =  y 

whose  unique  solution  is  given  by  Theorem  1  and  it  is  such  that  for  each 
T>0  there  exists  t  =  f  ^  >  max(q ,  r^). 


H.  e  C([0,T]  )  a.s. 

T 
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and 

t 

(2.16)  n[$]=/n[A4>]ds  +  W[(J>]+Y[<J>]  for  all  $  e  $  0  <  t  <  T  a.s. 

t  o  s  5  t 


Let  £  =  (^t>  be  the  solution,  given  by  Theorem  2,  of  the  SDE 


(2.17) 


£  =  /T'(s,t)P'C  ds  +  n 
t  0  3  3  C 


which  is  such  that  for  each  T  >  0  there  exists  mT  >  such  that 


^6C([0,T];$:  )  a.s. 


and 


(2.18)  £  [0]  =  /£  [P  T(s,t)<j)]ds  +  0  [<J>]  for  all  (J>  e  $  0<t<T  a.s. 

t  o  S  3  c 

We  shall  prove  that  £  i3  the  unique  solution  of  (I).  First  we  show  that  it 
is  a  solution  of  (I) : 

Applying  Lemma  2(a)  to  B =  P^  and  F = £^  we  have 


(2.19) 

Let 


£  [P  T(y,t)<t>]  =  £  [P  4>]  +  /£  ,[P  TOi,s)A  <j>]ds. 

M  M  MM  y  M  ► 


=  {oj  :  £.  e  C([0,T];*^> 


fl,  =  {w  :  £.  e  C([0,T]  } 


then  P (£2 j^)  =  P(ft2)  =  !•  Let  then  (suppressing  w  in  the  writing)  in¬ 

tegrating  (2.19)  and  applying  Fubini's  theorem  we  have 


t  t 


/ £  [P  T(u,  t)4>] dy  =  /£i|[Pi|4)]du  +  /  j£y  [PyT(u  , s) Ag4>]  dsdu 


'u  v  .  o  u  u  0  U 

t  t  s 


/£l,[P„4']dU  +  /  /£u[PuT(u,s)As4.]dUds 


u  u 


0  0 


(2.20) 
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N'ext  from  (2.18) 

s 

E  [A  $]  =  /E  [P  T(u,s)A  0]du  +  n  [A  <J>]  . 
s  s  q  U  P  s  s  s 

Then  using  the  above  expression  in  the  second  term  of  (2.20)  we  obtain 

t  t  t  t 

(2.21)  /£  [P  T(u,t)<j>]du  =  f€  [?  6]du  +  /C  [A4]ds  -  /n  [A  4>]ds. 


But  also  from  (2.18) 


/c  [p  T(u,t)<Mdn  =  e  [<M  -  n.  [4>] . 

0  M  M  t  c 

Hence  from  the  above  expression  and  (2.21)  we  obtain  that 

t  t  t 

E.  [<+>]  ~  n.  [$]  =  /c  [Pc<J)]ds  +  /E  [A  4>]ds  -  /n  [A  d)]ds 

t  t  os  oss  oss 

i .  e . 

t  t  t 

(2.22)  E  [$]  =  /E  [P  0]ds  +  /?  [A  <D] ds  +  T)  U]  -  /n  [A  d>]ds. 
t  0  s  s  0  3  s  t  0  s  s 

But  nt [<t> ]  -  /Sn8[As*]ds  =  Yt<t>]  +  Wt[(j)],  then 

t  t 

E  [<t>]  =  /E  [P  <()]ds  +  /E  [A  cj> ] d s  +  y [ 4> ]  +  W  [t}>]  for  all  <p  e  $ 
t  o  s  s  Q  s  s  t 


dCt  =  (A'  +P')Etdt  +  dWfc. 


Now  we  shall  show  that  the  solution  E  =  (Ej.)  of  (I)  is  unique.  Suppose 
there  exists  a  ^'-valued  process  E  that  is  also  a  solution  of  (I).  Then  by 
Proposition  4  for  each  T  >  0  there  exists  a  set  probability  one  such  that 


if  oo  e  ft. 


E.  (oi)  e  C([0,T]  ;<P'  )  some  q  >  0 
qT  T 


/v.v.v,  /  ,  s'  V  V* *  •/;  ■  * 

V  V  4-‘  ■  , v 


»-■  .•>  .■'V'- 

>  >'■  ,  '•  A-**"-  .W/rY WAl  t'  ■»” 


(2.23)  t,  (u))[<}>]  =  JE,  (w)[P  <})]ds  +  j  K  (oj)  [  A  <J>]ds  +  Y(w)[4>]  +  W  [*>] 

t  0  S  s  0 

for  all  -j)  €  1>  0  <  t  <  T. 

Fix  uj  e  n  9.^  n  .  Then  (suppressing  oj  in  the  writing)  we  have  that  for 

0<s^  tST  and  $  e  <*> 


(2.24)  U  [A  T(s,t)4>]  =  C  [A  T(s,  t)4>]  -  /  E  (P  A  T(s,t)4>]dy 


y  y  s 


-  /  (  [A  A  T(s,t)<J>]dy  -  y[A  T(s,t)<f>]. 
q  y  m  s  s 

On  the  other  hand  from  (2.17),  (2.16)  and  Theorem  1  we  have  that  for  0<t<T 
and  (p  e  $ 

t  t 

(2.25)  £r<M  -  /£  [P  T(s,t)4>]ds  =  fw  [A  T(s,t)$]ds  +  y[T(0,t)4>]  +  (*[$]. 

t  Q  s  s  0  S  C 

Hence,  using  (2.24)  in  (2.25)  we  have  that 
t  t  _ 

(2.26)  £[<!>]  -  /C  [P  T(s,t)4>]ds  =  /£  [A  T(s,t)<J>]ds 

t  Qs  s  0  S 


-  f/C  [PA  T(s, t)$]dyds  -  ff £  [A  A  T(s,t)$]dyds 


y  y  s 


y  y  s 


-  / y[A  T(s,  t)<J>]ds  +  y[T(0,t)(J>]  +  w  [<J>] . 
0  s  c 

Next,  using  Lemma  2(b)  with  F  =  y  and  B  =  I  we  obtain 


(2.27)  -  / y[A  T(s, t)4>]ds  +  y[T(0,t)<t>]  =  Y(<?]. 

0  S 

Again,  applying  Lemma  2(b)  to  F  =  £  ,  B  =  P^  a°d  to  F  =  and  B  =  A^  we 
obtain  the  following  two  expressions 


(2.28)  -/  £  [P  A  T(s,t).t>]ds  =  -  S, ,  [P.  T  (y  ,  t ) ; 

J0  y  y  s  uy  yy 


•  V  ** 


(2.29) 


-/  [A,  A  T  (s ,  t)  4»  ]  ds  =  %  [A  1  ]  -  r,  [A  T(u,t)$]. 

n  u  u  s  HU  d  d 


Hence,  using  (2.27),  (2.28)  and  (2.29)  in  (2.26),  we  obtain 


t  t  __  t  _ 

y[}>]  -  /c  [p  T(s,t)4>]ds  =  /  £  [A  T(s,t)4>]ds  +  /  E  [P,  <J>]du 

t  o  S  S  0  s  3  0  U  ^ 


t  _  t  _  t  _ 

-  J  £  [P  T(u,t)4>]du  +  /  E  [A  d>]du  -  /  C  [ A  T (u , t ) 4> ] du  +  y[-M  +  W  [$] 
QUb  0UW  0aU  C 


that  is 

t  t  __  t 

C,.[4>]  -  /C  (P  T(s,t)*>]ds  =  /  E  [P  <p]du  +  /  £  [A  4> ] du  +  Y [ 4> ]  +  W  [<J>] 
c  0  0UM 


t 

-  /  £  [P  T(u,t)<Mdu. 
0  u  u 


Hence  using  (2.23)  for  w  e  2^  0<t<T  and  <£  e  $  we  have  that 

_  t  _ 

Y[4>]  -  /  E  [P  T(s,t)i>]ds  =  n  [<J>]. 

t  o  s  s  C 


Thus  any  solution  £  of  (I)  is  a  solution  of  (II)  and  therefore  since  Proposi¬ 
tion  4  implies  condition  (*)  in  Step  5  of  Theorem  2,  the  solution  of  (I)  is 
unique . 

Then  the  properties  of  £  =  (£  )  follow  from  Theorems  1  and  2  and  the  proof 
of  Theorem  3  is  complete. 

Q.E.D. 


Proposition  5.  Under  the  hypotheses  of  Theorem  3,  the  solution  E  =  (E  )  of  the 
SDE  (III)  is  a  V -valued  continuous  semimartingale  with  canonical  decomposition 


t  t 

£  =  W  +  {T’(0,t)y  +  / T’(s,t)A’W  ds  +  /T'(s,t)P'£,  ds}. 

t  t  J  s  5  0 


Proof .  From  the  proof  of  Theorem  3  £  =  (Et)  is  such  that  for  ail  t  >  0  and  4>  e  <5> 

t 

E,[4>]  =  fZJP  T(s,t )<M  +  n  [4>]  +  y[T(0,t)<M 


1  [0]  =  Y[T(0,t)<D]  +  JW  [A  T(s,t)0]ds  +  W  f  V. 
t  '  s  s  t 


and  from  Proposition  2  n  is  a  ^'-valued  semimartingale  with  canonical  decompo¬ 


sition 


H  =  W  +  V 
t  t  t 


V  =  T'  (0,  t)  y  +  /  T’(s,t)A’W  ds. 
t  0 


Hence  it  only  remains  to  prove  that 


Z  [<J>]  =  /£  [P  T(s,  t)(J)]ds 
t  o  S 

is  a  process  of  bounded  variation.  It  was  shown  in  Step  4  of  the  proof  of 
Theorem  2  that  Z^_  [ <+> ]  is  continuous  in  t  for  each  (p  e  <J>  on  a  set  of  probability 
one.  Moreover  from  (2.12)  we  have  that  for  each  T>0  and  0  <  t^  <  t  <  T 

lZt t4>]  ~  Zto[4>1  I  "  CTDTTH^r(t~  t0)- 

Hence  the  process  Z^[0]  is  of  bounded  variation  on  [0,T]  for  each  T >  0.  More¬ 
over  since  it  is  continuous  and  F^-adapted,  it  is  predictable. 


Writing 


Vt[0]  =  ztM  +  Vj[0] 


we  have  that  V^[4>]  is  a  continuous  predictable  process  of  finite  variation  and 
t,  [0]  admits  the  canonical  decomposition 


Ctt0]  =  Wt[(f>]  +  Vt[0]  . 


Q.E.D. 


Proposition  6.  Under  the  hypothesis  of  Proposition  5  if  Y  is  as  in  Proposition 
3  then  the  solution  E,  =  (5^)  ^  of  the  SDE  (III)  is  a  ^'-valued  continuous 

Gaussian  process. 


Proof.  From  the  proof  of  Theorem  2  £  [<j>]  is  the  a.s.  limit  of  a  sequence  of 


Gaussian  random  variables  ^  [$]  .  Hence  £^[0]  is  Gaussian. 


Q.E.D. 


ww 
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A  $ ' -valued  stochastic  process  M=  (Mt)  >q  is  a  ^’-valued  martingale  with 
respect  to  a  right  continuous  filtration  for  each  $  e  $  M^_  [  ]  is  a 

real  valued  martingale  with  respect  to  (F  ) .  In  this  section  the  following 
result  will  be  useful. 

Proposition  7.  If  M  is  a  ^'-valued  martingale  with  respect  to  F  then 

there  exists  a  4>'-valued  version  M  of  M  such  that  the  following  two  conditions 

hold: 

a.  For  each  T  >  0  there  exists  >  0  such  that 

mT  e  D([0,T]  ;<J>'  )  a.s.  , 
qT 

where  D([0,T];$'  )  is  the  Skorohod  space  of  right  continuous  left  hand  limits 
qT 

(r.c.1.1.)  functions  from  [0,T]  to  . 

qT 

b.  M  is  r.c.1.1.  in  the  strong  -topology ,  i.e. 

MeD([0,°°);$')  a.s. 

For  the  proof  of  this  proposition,  see  Mitoma  (1931). 


Consider  the  stochastic  evolution  equation 


(IV) 


d£  =  A dt  +  P'C  dt  +  dM 
t  t  t  t  t  t 


=  Y 


where  y,  A^  and  P^  are  as  in  assumptions  A1,A3  and  A4  in  the  Introduction 

2 

and  is  a  ^'-valued  right  continuous  martingale  such  that  E (Mfc [ J )  <  00  for 

all  <}>£$>  t  >  0. 

In  this  section  we  show  how  to  solve  the  SDE  (IV)  in  a  similar  manner  as 
for  the  -valued  Wiener  case.  Our  goal  is  to  prove  the  following  analog  of 
Theorem  3. 
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Theorem  6.  Let  M=  (M  )  q  be  a  ^'-valued  martingale  such  that  E  ( M  ^  [  ‘^  ] )  <  A 
for  all  <p  €  <Z>  and  assume  that  Al,  A3  and  A4  hold.  Then  the  SDE  (IV)  has  a  unique 
solution  £  =  (Ct)t>Q  such  that  for  each  T>0  there  exists  p  >  0  and 

Cle  D([0,T];4'  ) 

PT 

and 

E(  sup  ||C  ||  2  )  < 

0<t<T  _PT 

Furthermore  ^  is  a  -valued  semimartingale  with  decomposition 


t  t 

£  =  {T'(0,t)Y  +  / T ' (s, t)A'M  ds  +  /t ' (s.OP'C'ds)  +  M  . 

t  o  s  3  0  s  s  t 

As  in  the  O'-valued  Wiener  case  we  first  solve  the  SDE  without  perturbation. 

2 

Theorem  7.  Let  M=  (M  )t>Q  be  a  ^'-valued  martingale  such  that  for 

all  <i>  £  $  and  assume  that  Al  and  A3  hold.  Then  the  SDE 


(V) 


dCt  =  AtCtdt  +  dMt 


^0  ~  Y 


has  a  unique  <I>'-valued  solution  £  =  8^ven  by 

1.  £  =  T'  (0,t)Y  +  /PT'(s,t)A^Msds  +  M  t>0 

1.  e. 

t 

(3.1)  £  [<t> ]  =  Y[T(0, t)0]  +  / M  [A  T(s,t)c|>]ds  +  M  [<J>]  for  all  <j>  e  $  t  >  0  a.s. 

t  Q  s  s  t 

Furthermore  £  satisfies  the  following  two  conditions: 

2.  for  each  T>0  there  exists  >  0  such  that 


and 


£.eD([0,T];$£  )  a.s. 


E(  SUP  ||£  ||  n  )  <  0O  . 

0<t<T  T 


3.  £  is  a  ^'-valued  semimartingale  with  decomposition 
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t 

{ T * (0,t)y  +  /T'(s,t)A'M  ds} 
0  S  s 


+  M  . 
t 


Proof .  Since  the  proof  of  this  theorem  is  very  similar  to  that  of  Theorem  i 
we  only  give  an  outline  of  it. 

Let  T >  0,  then  by  Proposition  7(a)  there  exists  >  0  such  that 

M? e  D([0,T] )  a.s. 
qT 


Let 


^  =  {w  :  mT(w)  €  D([0,T];$’  )}n{w:  || y(ui)  || _ 

°‘T  ~r0 


T  T 

Then  P(f2^)  =  1  and  if  to  e  the  real  valued  map  t  -*■  |j (w)  j|  from  [0,T]  tc 


]R  is  right  continuous  with  left  hand  limits.  Then  by  (14.5)  in  Billingsley 
(1968) 

(3.2)  sup  || M  (uj)  ||  <  “  • 

0St<T  C  "qT 

This  fact  enables  us  to  show  as  in  Step  1  of  Theorem  1  that  the  map 

t 


<J>  ■*  /M  [A  T(s,t)<}>]ds 
0S  S 


is  linear  and  continuous  on 

As  in  Step  2  of  Theorem  1  it  follows  that  the  putative  solution  (3.1) 
satisfies  (V).  We  need  only  to  replace  W  by  M. 

Next,  as  in  Step  3  of  Theorem  1  and  using  (3.2)  it  is  easy  to  show  that 
Y^_  (uj)  given  by 

t 

(3.3)  Y  (oj)  [ 4> ]  =  /M  [A  T(s,t)4>]ds  for  all  <p  e  4> 

t  0  s  s 


satisfies  the  inequality 

(3.4)  |Y  [<j>]  -  Y  (4>]|  <  sup  ||M  ||  TD 1 1 4>  1 1  1 1 _  —  t 

C  C0  0<s<T  s  ~qT  r  u 


for  tg>te  [0,T]  and  some  D  >  0,  r  >  0.  Hence,  Y ^  (uj)  [ 0 ]  is  continuous  in  t  on 


[0,T]  for  each  <J>  e  <t  and  Then  by  (3.1)  ^ ^  (co)  [(f)]  is  right  continuous. 

The  proof  of  the  existence  of  a  D([0,T];$n  )-version  is  similar  to  the  proof 

T 

of  Step  4  in  Theorem  1  using  again  (3.2).  The  uniqueness  is  shown  in  a  similar 
way. 

Finally  the  semimartingale  property  of  the  solution  is  shown  in  a  similar 
manner  to  Proposition  1. 

Q.E.D. 

Theorem  8.  Assume  A3(b)-(c),  A4  and  let  H  =  (r^)  q  be  a  ^'-valued  right  con¬ 
tinuous  stochastic  process  such  that  for  each  T>0  there  exists  >  0  such 
that 

E(  sup  ||  H  ||^  <  oo)  =  i. 

0<t<T  C  "qT 

Then  the  stochastic  equation 

t 

(VI)  E  =  /T'  (s,t)PVds  +  n  t>0 

t()  s  s  C 

has  a  unique  ^'-valued  solution  £  =  (C  )  q  such  that  for  each  T>0  there 
exists  pT  >  0  and 

£?  e  D([0,T] )  a.s. 

PT 

The  proof  is  similar  to  that  of  Theorem  2.  The  only  change  is  in  Step  4 

T 

where  we  must  show  that  E  [4>]  is  right  continuous  and  £  e  D([0,T]  )  a.s. 

t  *  PT 

Theorem  6  now  follows  from  Theorems?  and  8  using  the  same  arguments  as  in 


the  proof  of  Theorem  3. 
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4.  Special  Cases  and  Examples 

In  this  section  we  consider  special  cases  and  examples  of  the  above 
theorems. 

Example  1.  (Kallianpur  and  Wolpert  (1984),  Christensen  (1985)). 

Let  ‘{'C*  H«-fr  <J>'  be  a  rigged  Hilbert  space  on  which  is  defined  a  continuous 


linear  operator  A  :  $  $  and  a  strongly  continuous  semigroup  (T  )t>Q  on  the 


Hilbert  space  H  such  that  the  following  conditions  hold: 


i)  T  t  >  0. 

t  “ 


ii)  The  restriction  |  ^  4>  is  ^-continuous  for  all  t  ^  0. 


iii)  t  T^4>  is  continuous  for  all  <J>  e  $. 


iv)  The  generator  -L  of  T  on  H  coincides  with  A  on  H. 


A  semigroup  (T  )  -  satisfying  the  above  conditions  is  called  compatible 


with  (<^>,H,I^>,)  or  equivalently  we  say  that  (4>,H,Tt)  is  a  compatible  family.  If 


-r  l 


in  addition  we  assume  that  some  power  r^ >  0  of  the  resolvent  (al  +  L)  is  a 


Hilbert-Schmidt  operator,  an  appropriate  countably  Hilbertian  nuclear  space 
can  be  constructed  in  the  following  manner  (see  Kallianpur  and  Wolpert  (1984)  for 


details):  The  later  condition  on  L  implies  that  there  is  a  CONS  {£>.}.  ,  in  H 

3  J^l 


such  that  L<{> .  =  A .  4> .  j  ^  1  and  0  ^  A ,  <  A  „  ^  . . . .  Take  a  =  1  and  define 
3  3  3  1  2 


4>=  {<$>  e  H  :  ||  (I  +  L)r'^|^  <°°  for  all  r  e  B  } 

H 


=  {$eH:  £  (1  +  A  . )  ^r<4> ,  .  >„  <  00  for  all  re  1  ), 

j=l  J  J  H 


Define  the  inner  product  <*,•>  on  $  by 


:=  I  (1  +  A  )2r<<b<J>. ><’+>, 4>.>H 

r  j  =  1  3  3  H  3  H 


and 


|4>  II  r  =  «t»,<D>r. 
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Let  <t  be  the 
r 


-completion  of  <t.  We  then  have 


0  =  n<&  ,  $'=  n$' 

r  r  r  r 


and  for  r<s  ||$||  ^  ||<t>||  and  so  4>  c  <J>  with  4>  =  H.  It  can  be  shown  that  the 

r  s  s  r  u 

canonical  injection  $  is  Hilbert— Schmidt  for  p  —  r  +  r^  and  that 

is  a  rigged  Hilbert  space.  A  compatible  family  ($,H,Tt)  con- 


and  let  (B  )  .  be  a  real-valued  standard  Brownian  motion.  For  t  2  0  and  1 <  0 

s  s>0 

define 

t 

X  ,<J>  =  /f(s,$)dB  . 

C  0 

Then  X^.4)  has  a  regularization  Xc  [ ]  that  is  a  O' -valued  Gaussian  martingale 

such  that  there  does  not  exist  p  >  0  independent  of  t  with  X  e  4>'  for  all  t  ^  0. 

t  p 

Hence  we  cannot  expect  that  Theorem  7  applied  to  M =  X  will  give  a  solution 

lying  in  €(21;$')  for  p  independent  of  t. 

+  P 

In  the  case  of  a  compatible  family  and  when  M  is  a  ^'-valued  martingale, 
the  SDE  (4.1)  has  been  solved  by  Christensen  (1985). 

The  SDE  (4.1)  is  a  special  case  of  the  SDE  (IV)  in  Section  3  where  A^_  =  A 
and  P  =  0  for  all  t  >  0.  Then  we  have  the  following  result. 

Theorem  9.  Let  ($,H,Tt)  be  a  compatible  family.  Let  y  be  an  F^-measurable 

2 

random  variable  such  that  Elly  II  <  00  for  some  rn  >  0  and  M  =  (M  )  s.  be  a 

"  -r  0  t  t^O 

0  2 

valued  right  continuous  martingale  such  that  E (M^ [({)])  <  00  for  all  <J>  e  0.  Then 

the  SDE  (4.1)  has  a  unique  O'-valued  solution  £  =  (£t)t>Q  given  by 

t 

£  [<J>]  -  y[T  $]  +  /M  [T  A<J>]ds  +  M  [ 4> ]  for  all  <j>  e 
t  t  Q  S  t-s  t 

Moreover  £  has  the  following  property:  For  each  T  >  0  there  exists  p^,  >  0 
such  that 

£?€D([0,T];$:  )  a.  s . 

PT 


E(  sup  ||£  II  )  <  00  • 

0<t<T  PT 

Proof .  It  follows  from  Theorem  7  since  any  compatible  family  (<I>,H,Tt)  satisfies 
assumptions  A1-A3  given  in  the  introduction. 

The  SDE  (4.1)  is  a  model  used  in  neurophysiological  applications  (see 


Kallianpur  and  Wolpert  (1984)  and  Christensen  and  Kallianpur  (1985)).  However 


it  is  important  to  observe  that  in  this  field  the  kind  of  perturbations  that 
occur  are  more  likely  to  be  nonlinear  rather  than  linear.  We  hope  to  investi¬ 
gate  such  problems  in  future  papers. 

Example  2.  (Adapted  from  Mitoma  (1985)).  This  example  is  an  instance  w.iere 
T(s,t),  At  and  P  can  all  be  defined  directly  on  a  countably  Hilbert  nuclear 
space  $.  It  was  recently  considered  by  Mitoma  (1985)  in  the  case  when  $  is 
obtained  by  modifying  the  space  5.  For  the  purpose  of  illustration  we  here 
consider  S  for  which  some  simplifications  are  possible.  Recall  that  the  topo¬ 
logy  of  S  is  given  by  the  Hilbertian  norms 

(4.3)  Ikll2  =  l  !  (l  +  x2)2n|4>(k)(x)|2dx  n  >  0, 

n  k=0  1R 

and  that  this  topology  is  also  given  by  the  family  of  seminorms 

(4.4)  |||<J)||t  =  sup  sup  (1  +  x2)n|<j/k^  (x)  |  n>0. 

n  0<k<n  xeH 

For  <J)  e  S  and  t  2  0  define 

(4.5)  ( A^_ )  (x)  =^a(x,t)V^W  +  B(x,t)<!>^  (x) 

where  a(x,t)  and  B(x,t)  are  uniformly  bounded  functions  satisfying  the  follow¬ 
ing  two  properties: 

k  k  k  d 

(i)  D  a(x,t),  D  B(x,t)  (D  =  — — )  are  continuous  and  bounded  in  (x,t) 

dx 

for  all  k  >  0, 

(2)  (2) 

(ii)  D  a(x, t)  and  D  8(x,t)  are  locally  e-Holder  continuous  for  some 
0<e<l  and  a(x,t),  B(x,t)  are  locally  Lipschitz  continuous  in  x. 

Theorem  10.  Let  a(x,t),  B(x,t)  as  above  and  define  A^  as  in  (4.5)  Let  be 
any  perturbation  operator  from  S  to  S  that  satisfies  assumption  A4(a)-(b). 


Then  the  SDE 
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d£t  =  (A^  +  P’)?tdt  +  dWt  C0  =  Y 

has  an  S'-valued  solution  where  W  is  an  S'-valued  Wiener  process  and  y  is  an 
5' -valued  Gaussian  random  variable. 

Proof ■  We  have  to  prove  that  assumptions  of  Theorem  3  are  satisfied. 

Step  1.  We  first  prove  that  satisfies  assumption  A3(a).  Since  a(x,t) 

00 

and  8(x,t)  are  C  in  x  with  bounded  derivatives  that  are  continuous  in  t, 
for  each  T>0  there  exist  constants  C^C^T.n)  i=l,...,  3  such  that  for 
0  <  t  <  T 

(4.6)  |  (At<J>) (n)  (x)  |  <  (x)  |  +  C2|*(n+1)(x)|  +  C3  |  0(n+2)  (x)  | 

and  therefore  from  (4.5)  for  some  constant  C(n,t)SO 

(4*7)  ^At^n  ~  C(n,T)  ||<t>|[2+2  for  ali  e  $  0  <  t  <  T. 

Hence,  A^  :  S  -> S  is  a  continuous  linear  operator  in  the  S-topology. 

Next,  since  a(x,t)  and  8(x,t)  have  derivatives  in  x  bounded  and  continu¬ 
ous  in  (x ,  t ) ,  for  all  k>0,  <J>  €  $  and  x  e  1R  (At0)  ^  (x)  is  continuous  in  t. 

Then  using  (4.6)  and  the  dominated  convergence  theorem,  from  (4.3)  we  have 
that  for  all  n  2  1  and  <p  e  S 

IIV"  Vlln  "  /a  +  x2)2n|(AJ))k(x)  -  (A6)L|2dx  -  0 

t  s  n  k=o  m  c  s  W 

s  t 

for  s,te  [0,T].  Then  assumption  A3(a)  is  satisfied. 

Step  2.  We  check  conditions  A3(b)-(e)  in  Theorem  3.  In  order  to  do  this  we 
apply  the  ideas  of  Mitoma  (1985)  of  using  some  results  in  Kunita  (1982)  but  ap¬ 
plying  them  to  the  space  S  (for  which  some  simplifications  are  possible)  in¬ 
stead  of  the  nuclear  space  considered  by  Mitoma. 

Let  B=  (B(t))  be  a  one  dimensional  Brownian  motion  and  n  (x)  be  a 
t^U  s,t 

unique  solution  of  the  Ito  stochastic  differential  equation  (see  Condition 
(iii) ) 
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nmonwirannKinmi KwiwvfwnriFin uipii 


S,  S 

For  any  $  e  S  define 
(4.8) 


(x)  =  x  +  / a(r  (x),r)dB(r)  +  fS(n  (x),r)dr 

i )  t  s ,  r  s  •  r 

s  s 

(x)  =  x  xeK. 


(T(s,t)<f>)  (x)  =  E [ 4> Cn  (x))] 

s,t 


(which  is  well  defined  since  4)  is  bounded).  From  Kunita  (1982)  using  (iii) 
we  obtain  Ito's  forward  and  backward  equations  for  s<  t 

t  ,n  t 

(4.9)  4>(n  (x))-<f>(x)  =  /ot(n  (x) ,  r)4>'  ;(n  (x))dB(r)  +  /(A  4>)  (n  (x) )  dr 

Sj  c  s ,  r  s,  r  it  s  *  r* 


(4 


k-  u 

,10)  <p(n  (x))  -  <p(x)  -  fa(x,r)D(<p(r}  (x))dB(r)  +  /(A  d>*n  ) (x)dr 
s  j  l  r  j  t  r  r ,  t 


where  the  first  term  of  (4.10)  is  the  backward  Ito  integral  and  (4> * n  ^) 

1 »  «- 

means  composition. 

Taking  expected  values  in  both  sides  of  (4.9)  we  have 


(4.11)  (T(s,t)<J>)(x)  -<Kx)  =  E(/(A  <p)(0  (x)  )dr)  . 

r  s ,  r 
s 

But 

(A  4>)(n  (x))  «  4x(n  (x) ,  r)  2c}>  ^ (n  (x))  +  6(n  (x,r))  *<|>^(n  (x)). 

r  s,r  2  s,r  s,r  s,r  s,r 

Then  from  the  boundedness  of  a,B,4>^  and  <j>^  and  Fubini's  theorem  applied  to 
(4.11)  we  obtain 

t  t 

(T(s,t)4>)  (x)  -  <f>(x)  =  /E[Ar4>(0g  r(x))]dr  =  /T(s,r)  (A^)  (x)dr . 

s  ’  s 

Hence,  we  have  the  forward  equation 

d 


(4.12)  ^-T(s,t)<j>(x)  =  (T(s,t)At4>)  (x)  s<t,  QeS. 

Similarly,  taking  expected  values  in  both  sides  of  (4.10)  we  have 

t 

(T(s,t)4>)  (x)  -  <Kx)  =  E/(A  <j>*n  )  (x)dr 

s  r  r,t 
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Then  from  the  last  expression  we  have  that  T(s,t)  satisfies  assumptions  A3(c) 
and  A3 (f ) . 

Next  from  Theorem  2.1  in  Kunita  (1982)  n  (x)  is  continuous  in  (s,t,x). 

s,t 

Then  since  £  has  continuous  derivatives,  applying  dominated  convergence  theorem 
twice  together  with  (4. 15)  if  t  1  t^  and  0<  s  $  tg^  T,  (jieS  we  have 

||T(s,t)4>  -  T(s,tn)'4>i|2  =  l  /  (l  +  x2)2n|E(^(k)(n  (x))  -  4>(k)(n  ,  (x))|2dx 

u  n  k=o  m  ’  ’0 

o. 


Hence  T(s,t)  satisfies  A3(d)  and  similarly  satisfies  A3(e). 

Moreover,  using  again  (4.15)  and  a  similar  argument  to  that  used  in  obtain¬ 
ing  (4.15)  we  have 


E|*(k)(n  (X))|2 


d+  In  tW|  )  , 
E{ — I* 

d+|ns  t(x)|2)n 


(k) 


(n  ,_(*)) 

s,  t 


<  E( - i - ^r)E(i+  |  n  _(x)  1 2)2n|<))(k)  (n„  t(x)|2) 


(i+!ns,t(x)|2)2n 


s,t 


s,  t 


<  K(n, t) 


a  +  *2)2n 


for  all  xel  and  for  all  s,t  e  [0,T] 


s  <  t . 


Hence  using  (4.4)  and  the  above  inequality  we  have 

III T(s,  t)4> III  2  =  sup  sup(l  +  x2)2n]E4>^  (n  (x))  2 
n  0<k<n  xeE  s’ 


<  K(n,T)  |||<fr|||2  n  >  1,  s,t  e  [0,Tl,  T  >  0 

and  therefore  T(s,t)  satisfies  assumption  A4(c)  for  the  family  of  seminorms 
{|||  *  II!  n5  n  -  given  by  (4.4)  . 

Then  if  ^t)t>Q  is  anY  perturbation  operator  on  S  that  satisfies  condi¬ 
tions  A4(a)-(b),  by  Theorem  3  the  SDE 


1 


"i 

I 


d£  =  (A  +  P  ) 'C  dt  +  dW 
t  t  t  t  t 


^0  Y 


has  a  unique  S'-valued  solution  £  =  (E,^)  such  that  for  each  T>0  there  exists 


m  >  0  and 


C  €  C([0,T];S')  a . s . 

m 


E(  sup  ||C  ||  )  < 

0<t<T 


>v;.*  s„y-, 

iKjk^Jh  j*\a Aa, AxWk r>  *> *j»V>  V  *>  ,'Jr^ *'-*  \x *  Aa^ 


Example  3.  (Hitsuda-Mitoma  (1985),  Mitoma  (1985)).  This  example  has  been 
considered  by  Hitsuda  and  Mitoma  (1985)  and  Mitoma  (1985)  in  connection  with 


central  limit  theorems  for  propagation  of  chaos  (see  McKean  (1967)). 
Let 

l'C*exp(-l/ (1  -  |x|  2))  | x |  <  1 

0(x)  =  { 

| x  |  >  1 

where  c  is  such  that  /  p(x)dx  =  1.  Let 

iK 

4>(x)  =  /e  I  M^p(x  -  p)du 

]R 


and  9(x)  =  l/i^(x) .  Let  S  be  the  space  of  rapidly  decreasing  functions  and 
def ine 

(9.16)  $=(4>(x)  =  9(x)f  (x)  :  f  e  S}. 

For  <t>  t  <5  (0(x)  =  0(x)f (x))  define  the  following  Hilbertian  and  non-Hilbertian 
seminorms  on  $ 

(4-17)  IMI 1-  l  /(l  +  x2)2n|^-f(x)|2dx 

n  k=0  IR  dxK 

y 

(9.18)  |||$|||  =  SUP  SUP  U  +  x  )n| — rf(x)[ 

O^k^n  xel  dx 

These  norms  define  and  equivalent  Frechet  topology  on  $  and  {$,  ||  •  ||  n  >  0}  i: 
a  countably  Hilbertian  nuclear  space. 

OO 

Next  let  a(x,y)  and  b(x,y)  be  bounded  C  -functions  in  (x,y)  and  define 

(9.19)  a(x,t)  =  /  a(x,y)y(dy, t) 

TR 

(9.20)  3(x,t)  =  /  b(x,y)u(dy, t) 


where  u(dx,t)  is  the  probability  distribution  of  the  solution  X(t)  of  the 
real  valued  SDE 

(9.21)  dX(t)  =  oi(X(t),t)d3  +  g(X(t),t)dt,  XQ = a 
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where  B  is  a  one  dimensional  Brownian  motion  and  a  is  a  real  valued  r.v.  in- 

c  c  a-2 

dependent  of  (B^)  such  that  E(e  0  )  <  °°  for  some  Cq>0.  McKean  (1967)  has 

shown  that  the  measure  y(t)  has  a  density  y(x,t)  and  that  a(x,t),  B(x,t)  and 

00 

y(x,t)  are  C  -functions  in  M*]R+. 

Theorem  11.  Let  a(x,y),  b(x,y),  a(x,t)  and  S(x,t)  be  as  above  and  define  for 
(<j)  (x)  =  9  (x)  f  (x)  f  e  S)  and  t>0 

(4.22)  (At4>)(x)  =  -|a(x,t)  V2)(x)  +  B(x,  t)4> (1)  (x) 

(4.23)  (P  <J))(x)  =  /  b(y,x)4>^i^  (y)y  (dy  ,t)  +  /  ct(y,t)a(y,x)4>^  (y)y(dy,  t) . 

TR  1R 


Then  the  SDE 

d5t  -  (At  +  Pt) '5cdt  +  dWt  e0-Y 

has  a  unique  <t>'-valued  solution,  where  W^_  is  a  O'-valued  Wiener  process  in¬ 
dependent  of  the  -valued  Gaussian  random  variable  y. 

Proof .  We  have  to  show  that  assumptions  AI-A4  of  Theorem  3  are  satisfied. 
Conditions  A1-A3  are  shown  in  a  similar  way  as  in  Example  2  (see  Mitoma  (1985)). 
It  remains  to  show  that  the  perturbation  operator  given  by  (4.23)  satisfies 
assumptions  A4(a)-(c). 

Let  T  >  0  and  for  0  ^  t  ^  T  define 

g  (x)  =  /  b(y,x)4>^  (y)y(dy,  t) 

JR 

and 

h  (x)  =  /  a(y,x)a(y,t)<{/2)(y)y(dy,t). 

TR 

Then  from  (4.18)  for  O^t^T  and  n^O 

?  ,k 

(4.24)  Uls-.HI  =  sup  sup  (1  +  x  )n| — rV(x)g  (x)|. 

n  CKk<n  xeiR  dx 

Using  Leibnitz  formula  and  the  definition  of  g^(x)  we  have 


— r^(x)g  (x)  =  l  — rV(x)  — j— rg  (x)  =  l  j  — r^(x) — — b(y,x)<j>v  '(y)u(dy,t) 
dx  C  j=0  dx*  dx*  J  C  j=0  1R  dxJ  dx*_J 

CO 

Next,  using  the  fact  that  b(x,y)  is  a  uniformly  bounded  function  in  C  we  obtain 
that  for  a  constant  K^  =  K^(n) 


k  j 

sup  (1  +  x2)n|-^-riKx)  g  (x)  |  <  K  l  sup  (1  +  x2)n  (x)|  /  1 0  ^  (y)  |  U  (dy ,  t)  . 

vclP  Z  L  4=0  TO  TO 


j=0  xe® 


But  tpeS  since  for  each  n>l  | - ip  (x){  ^  C(n)e  'X' .  Thus 

dxn 


2  n  dJ 

sup  (1  +  x  )  I - rip(x)|  <  M  3=0,...,  n 

xelR  dxJ  n 


and  hence 


(4.25) 


5t(x)|ltn-  K2^n)/  l<t>^  (y)  |p(dy,t). 


Next  since  My)  *  0(y)f  (y)  , 


But  for  each  n  >  0 


|4>(i)(y)|  *  |0(1){y)l!f(y)|  +  J0(y)  |  J  f (i)  Cy)  J 

je(n)(y)  |  <  N  e^  ye  E 


and  by  (4.18) 


(i  +  y  )  U  (y)  I  ^  |||<f>|ll2  ye® 


(1  +  y2)2|f(i)(y)  |  <  |||4>|||2  ye®. 


(y)  I  ^  c^e  I y  I 


and  from  (4.24)  we  have 


|gtllln  -  K3(n)  lll<}>lll2  /e|y|dy(t,dy)  . 

® 


•  ■  >v  *  v-  '■  ^  vw>;  •  /  ^ 

"  y  "  Vs’fsV. \  V'^VwtvV 
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Finally  since  E[e  ®  ]  < 00  for  some  constant  Cq,  using  Theorem  5.7.2  in 

Kallianpur  (1980)  we  have 


(4.26) 


/  e|y'dy(t,dy)  <  K  for  0 <  t < T. 
1R 


I  St  II 1  n  ~  K4 (n)  III  ^  ill  2  0<t<T 


and  in  a  very  similar  way  one  shows  that 


tl I ht  II I n  ~  K5(n)  HI  ^  HI  2  0  -  t  -  T> 


Hence  for  each  n  ^  1  and  0  5  t  <  T 


(4.27) 


lPt*Hln  "  K6(n’T)  lll<J>lll2 


and  P  satisfies  assumption  A4(a). 

CO 

Next  from  (4.23)  since  a(x,y)  and  b(x,y)  are  uniformly  bounded  C  - 
functions  in  (x,y),  from  (4.26)  we  have  that  for  t.^e  [0,T] 


(P ,<t>)  (x)  -  (P  (x)  I  <  1/  — rb(y,x)()i  '  (y)  (u(y,t)  -  p(y,t  ))dy | 

C  !R3x  U 


+  (y,x)<j>(2)  (y)  (a(y,t)y(t,y)  -  a(y,t  )y(y,t  ))dy| 

TB.dK  u  u 


<  K  (k) {  /  ey|y(y,t)  -  y(y,t  ) |dy 
3  1R 

+  /  eyja(y,t)y(y,t)  -  a(y,t0)u(y,tQ) |dy. 


Also  as  in  the  proof  of  (4.25)  we  have 


2  n  d 

C_  =  sup  sup  (1  +  X  )  I - ^^(x)|  <  00  . 

OSk^n  X€©  dx 


Hence,  using  (4.18)  and  Leibnitz  formula 


iC 

(P  $)^k)  -  (P„  4>)^k)|||  =  sup  sup  (l  +  x2)n|-^-r:4;(x)((P  d>)^k)(x) -P  d>)(k)(x) 

c  C0  n  0<k<n  xelR  dxK  C  C0 
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I 

k 

-  C-  l  MjH  /  eY  |  M  (y ,  t)  -  U(y,t  )  |dy  +  /  eV  |ot(y ,  t)u(y ,  t)  -  a(y ,  t  )u  (y ,  t  )  |  dy } 
j=0  K  U  TR.  U  U 

which  goes  to  zero  as  t  -+■  tQ,  t,tQe  [0,T]  since  a(y,t)  and  u(t,y)  are  C°°-funct ions 

in  1R  *  IR+.  Then  P  satisfies  assumption  A4(b)  of  Theorem  3.  Q.E.D. 

This  example  has  been  considered  by  Mitoma  (1985)  and  Hitsuda  and  Mitoma 

(1985)  in  connection  with  the  following  central  limit  theorem:  Consider  the 

n-th  interacting  particle  diffusion  process  (t)  =  (Y^  (t) , .  .  . ,  Y^(t)) 

1  n 

given  by  the  SDE 


=  a. 


n  t 

l  /a(Y 

j  =  10 


,[n)(s),Yjn)(s))dBk(s) 


1 

j-1 


/b(Y<n)(s),Y<n)(S))ds 
0  J 


k  =  1,2, . . .  ,  n. 


where  (a^.B^t)) k>^  are  independent  copies  of  (a,B(t)).  Writing 


u<n,(t) 


1  n 

•  -Is 

r*i  U 


k=l  Y^n)(t) 


t  >  0 


(where  6x  is  the  unit  mass  at  x)  McKean  (1967)  has  shown  that  U^n\t)  »  u ( t) 

where  u(t)  is  the  probability  distribution  of  the  solution  of  (4.31).  Let 

S  (t)  =  >/n(U(n)(t)  -y(t)). 
n 


Hitsuda  and  Mitoma  (1985)  have  shown  that  any  limit  process  £  =  (£>t)  of 
the  measure  valued  process  Sn(*)  must  satisfy  the  stochastic  evolution  equation 

(4.28)  dCt  =  (A’+P^)Ctdt  +  dWt  Cq  =  Y 

where  A^  and  are  given  by  (4.22)  and  (4.23),  £  is  a  ^'-valued  process 
and  0  is  the  countably  Hilbert  nuclear  space  given  by  (4.16). 

Mitoma  (1985)  has  solved  the  equation  ^4.28)  under  the  additional  hypo¬ 
theses  that  all  the  derivatives  with  respect  to  x  of  a(x,t)  and  8(x,t)  are 
locally  Holder  X(n,  t)-continuous  on  T  for  each  n2l  and  T  >  0.  He  considers 
(4.28)  as 
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£  =  Y  +  W  +  /(A  +  P  ) '£  ds 

t  t  Q  s  s  s 

where  the  integral  means  the  Riemann  integral  and  his  proof  requires  the 


extension  of  Kolmogorov's  forward  and  backward  equation  to  the 
tion  of  $  for  each  n  >  1. 


-comple- 
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